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A HELLY TYPE THEOREM FOR d-STARSHAPED SETS 

Oleg TOPALĂ  

Catedra Informatică şi Optimizare Discretă 
 

Se demonstrează o teoremă de tip Helly despre intersecţia mulţimilor compacte d-stelate în spaţiul Minkowski nR  cu 
metrica yxyxd −=),( . Din această teoremă rezultă renumita teoremă Helly despre intersecţia mulţimilor convexe [1] 

şi o variantă a teoremei Helly despre intersecţia mulţimilor stelate în spaţiul euclidian nE  demonstrată în [2] .  
 
 
We denote by nR  the n-dimensional real linear space with the metric yxyxd −=),( .  

Recall that the set nRS ⊂  is said starshaped (d-starshaped [3]) if there exists a point Sx∈ such that for 
each point Sy∈ linear segment (d-segment)  

 [ ] { }10,)1(, ≤≤+−=∈= λλλ yxzRzyx n  

 { }( )),(),(),(, yxdyzdzxdRzyx n =+∈=  

lies in S. The set of all such points Sx∈  is the kernel (d-kernel) of S and is denoted by kern S (d-kern S). 
A d-starshaped set S is also starshaped and d-kern S ⊂ kern S. 

In what follows, if Sx∈ , let S(x) denote the set of all points Sy∈  such that Syx ⊂, . If S is d-starshaped 

then clearly −=
∈

dxS
SxI )( kern S.  

A set nRS ⊂  is said to be d-convex if Syx ⊂,  for any points ., Syx ∈  It is true that S = d-kern S if 

and only if the set   nRS ⊂  is d-convex. Let’s denote the intersection of all d-convex sets of nR containing 
S with d-conv S which is called d-convex hull of the set S ([4]). 

Let { } IiiS ∈=F  be a arbitrary fixed family of d-starshaped compact sets in nR  and let 1+≥ nIcard . In 
the following theorem suppose that the following conditions are fulfilled: 

 (a)  for any point nRx∈ and any d-convex set nRS ⊂  there is  

 ( ) U Sy
yxSxconvd

∈
=∪− ,  

(such d-convexity is called d-conical [5]) 
(b)  for any iS of F   all its subsets )(xSi , iSx∈  are closed. 

Let’s mention than both conditions are fulfilled in case of linear convexity in ,nR  also for any d-convexity 

in 2R  [4, 6]. 
The following theorem is an analogue of the Helly Theorem for starshaped sets [2, Thm. 4] an its proof 

uses some ideas from [2] adapted for d-convexity. 
 
Theorem. If the intersection of every n + 1 (and less) sets of the above mentioned family F  is nonempty 

and d-starshaped than the intersection of the whole family is nonempty and d-starshaped. 
 
Proof. Let I Ii iSS

∈
=* . By virtue of [2, Thm. 2] ∅≠*S . We establish that the set *S is d-starshaped. 

Further, we consider the sets 
 I * ),(

Sx ii IixSC
∈

∈= . 
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On the condition (b) of the theorem each set ii SC ⊂ , Ii∈ , is compact and each Ci , ,Ii∈  is nonempty 
because the d-kern .ii CS ⊂  Fix some positive k, k ≤ n +1, and consider arbitrary sets 

kiii CCC ,...,,
21

of the 

family { } .IiiC ∈  We show that set  

                                            I
k

j iii jk
CC

1...1 =
=  

is nonempty and d-starshaped.  

Let I
k

j iii jk
SS

1...1 =
= , 

jj ii SC ⊂ ,  kj ,1= . By the hypothesis of the theorem the set 
kiiS ...1
is nonempty d-

starshaped. Let x∈ d-kern ....1 kiiS  Then 
kiiCx ...1

∈ and as a result ∅≠
kiiC ...1

. Further, select any points x∈ d-

kern
kiiS ...1

, 
kiiCy ...1

∈  and .*Sz∈  Since 
kk iiii SCzy ...... 11

, ⊂⊂ it follows that 
kiiSpx ...1

, ⊂ for each 

point zyp ,∈ . From the condition (a) it follows 
 d-conv{ } U zyp pxzyx , ,,, ∈= . 

Therefore, { } .,, ...1 kiiSzyxconvd ⊂−  Consequently, for all points q of yx,  the d-segment zq,  is 

contained in ....1 kiiS  Since *Sz∈ was arbitrary we conclude that 
kiiCyx ...1

, ⊂ . 

Thus, we show that the intersection of every k (k ≤ n + 1) sets of the family { } IiiC ∈  is nonempty and d-

starshapd. Then in view of [2, Thm. 2] we have ≠
∈I Ii iC ∅. Since  

 ⊂
∈I Ii iC  d-kern *S  

we obtain that the set S* is d-starshaped. The theorem is proved. 
From the theorem just established we obtain, an immediate consequence, the Helly Theorem for 

starshaped sets proved in [2]. 
Corollary 1. Let { } IiiK ∈ be a family of starshaped compact sets in Euclidian space nE and let card I ≥ n 

+ 1. For every subfamily { }
0IiiK ∈ of this family with card I0 ≤ n+1, let the intersection I

0Ii iK
∈

be nonempty 

and starshaped. Then the intersection I Ii iK
∈

is nonempty and starshaped. 

Indeed in nE (when d-starshapedness and d-convexity coincides with starshapedness and linear convexity 
respectively (see, e.g. [3, 4]) the conditions (a) and (b) are satisfied. 

Corollary 2. Let { } IiiN ∈  ( card I ≥ 3) be a family of compact d-starshaped sets in 2R . If the intersection 
of every free (or two) sets from this family is nonempty and d-starshaped than the intersection at the whole 
family is also nonempty and d-starshaped. 
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