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STABILITY OF THE FULL SET OF STACKELBERG EQUILIBRIUM IN THE
DYNAMIC GAME OF THREE PLAYERS WITH THREE STAGES

Boris HANCU!
Catedra Informaticd gi Optimizare Discretd

Pentru modelarea matematica a proceselor decizionale in sisteme cu structuri ierarhice se pot utiliza jocurile
dinamice pe multe etape. La fiecare etapa a jocului, jucdtorii aleg strategiile sale din multimea de raspunsuri
optimale, determinate de alegerea strategiilor de catre partenerii la joc. Folosind metoda inductiei recursive
situatiile Stackelberg de echilibru se determing prin solutionarea unei probleme de maxmin pe trei nivele. Se
definegte multimea de situatii complet Stackelberg de echilibru in cazul existentei erorilor minimal i maximal
admisibile la efectuarea operatiilor matematice. Pentru aceste probleme sunt prezentate conditiile in baza cdrora
se construiesc multimile de stabilitate cind multimile de startegii admisibile si functiile scop ale jucatorilor sunt
perturbate.

Let us consider the dynamic game of three players with three stages in the following strategic form
Fr=(ZY,X;G:ZxY ->RF:ZxYxX—>RH:ZxYxX-—R).

where Z,Y, X are the sets of available strategies and G, F', H are the payoff functions for the player 1,
player 2 and player 3 respectively .

The game occurs as follows: in the first stage the player 1 chooses independently his strategy z € Z
and communicates this strategy to the player 2. In the second stage the player 2 observes a chosen
strategy of player 1 and chooses independently his strategy y € Y, after than communicates this pair
of strategy (z,y) to the player 3. In the third stage the player 3 observes the pair of strategy (z,y)
and chooses his strategy z € X. After this the game is considered finished. Also suppose that the
player 3 wants to maximize their payoff function and the players 1 an 2 want to used the maximin
optimally principle (guaranteed results).

This class of dynamic game is used for mathematical modelling of decision making problems in
economical systems with the hierarchical structure. The class of two players dynamic game with 2
stages where the players use the maximin optimally principle is also called " the Germeier games"
1.2]

Similarly to strategic form game, the equilibrium concept in dynamic games is based on the idea
that at every stage of the game each player plays the best response to the play of other players.

Suppose that the all mathematical operations are executed without errors. Then the solution of
the dynamic game of three players with three stages can be found by the following backward induction
algorithm:

A) the player 3 observes the chosen strategies z € Z by player 1 and the strategy y(z) by player
2 and he will choose his strategy from the optimal reaction set of player 3 to a strategy z € Z and
y(z) € Y, so he will choose the following best response function

z*(2,y(2)) € R(z,y) = Arg max H(z,y(2),r) =

{2 G0 € X mag HGp(0).0) = () o) |

! Aceastd lucrare a fost elaboratd in cadrul proiectului 05/R "Metode si algoritmi de solutionare a problemelor de
dirijare a sistemelor dinamice complexe" din Programului comun de cercetare intre Academia de Stiinte a Moldovei i
Fondul (Republican) Cercetari Fundamentale din Federalia Rusa.
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B) the player 2 knowing that the player 3 will play the strategy x*(z,y(z)) chooses the strategy
from the optimal reaction set of player 2 for a strategy z € Z of player 1, so he will choose the following
best response function

*(2) € L(2) = Argmax min F(z,y,z*(z, =
y2) € Llz) = Argmax | min ., FEE ()

=<y*(2) €Y : max min F(z,y,2%(z,y(2))) = F(z,y*(2), " (2, y* (2 ;
roerims  mn o Feue o) = FEre).e G )]

C) the player 1 knowing that the player 2 will choose the strategy y*(z) and player 3 will choose
the strategy z*(z,y*(2)) chooses the strategy from the following set of best response reaction

e Z"=Argmax min G (z,y"(?)) =
g 2€Z y*(z,))EL(z) ( 4 ( ))

= {z* € Z:max min G (z,y"(2)) = G(z*,y*(»’i*))};

2€Z y*(z))€L(z)
Let us introduce the following definition.

Definition 1 The strategy profiles (z*,y*,x*) = (2*,y*(2*), x*(2*,y*(2*)) defined by the steps A)-C)
of the backward induction algorithm are called the Stackelberg equilibrium profile in the dynamic game
of three players with three stages.

Let SE(I") denote the set of the Stackelberg equilibrium profiles in the dynamic game of three
players with three stages.
Using the results from [3] we can prove the following theorem.

Theorem 2 Let the dynamic game of three players with three stages in the strategic form I' satisfies
the following conditions:

1. the sets of strategies Z,Y, X are compact sets from R™, R™ and RF respectively;

2. the functions H(z,y,x), F(z,y,x) and G(z,y) are continuous on the sets Z,Y and X;

3. point to set mapping R(z,y) are Hausdorff continuous on'Y for all z € Z, and the point to set
mapping L(z) are Hausdorff continuous on Z.

Then exists the Stackelberg equilibrium profiles in the dynamic game of three players with three stages,

i.e. SE(T) # 0.

In the definition of problem stability [4] is supposed that the description of mathematical model
is approximative, but the required mathematical operations are performed exactly. Then the investi-
gation of stability problems is to establish if for sufficient small perturbations of mathematical model
the perturbation of solutions will be also sufficient small.

Here we use the notion of stability described in [5]. The main idea of this notion consists in the
following: suppose that the required mathematical operations are performed with errors and it is
necessary to establish the relations between errors of operations and perturbations of the model such
that the required conditions of stability are satisfied. In this paper we use the described idea to study
the stability of the Stackelberg equilibrium profiles in the dynamic game of three players with three
stages.

For solving any problems using the computers there are "minimal available errors" denoted by top
index [ and "maximal available errors" denoted by top index r. According the steps A)-C) we suppose
that for determining the Stackelberg equilibrium profiles in the dynamic game of three players with
three stages the following errors are used:

18



Matematicd Seria , Stiinte exacte si economice” ISSN 1857-2073

o let a; > 0,0l >0and a; > 0 denote simple, maximal and minimal available errors respectively

in calculations of the ” max ” operation to determine the best response function x*(z,y(z)) of
re

player 3 as in A);

e let ay > 0, ay > 0 and Ozé > 0 denote respectively simple, maximal and minimal available errors

in calculations of the ” max min ” operation to determine the best response function
yeY z*(2,y(2))ER(2,y)

y*(z) of player 2 as in B);

o leta, > 0,0, >0and ol > 0 denotes respectively simple, maximal and minimal available errors
in calculations of the ’ operation to determinate the best response reaction

"max min 7

2€Z y*(2,))EL(2)
z* € Z* of player 1 as in C).

The interpretation of these errors: the maximal errors give the worse precision of the solution, the
minimal errors give the best precision of the solution.

Also, denote by € = (e,,¢€y,€,) the errors which appear on calculation of the available strategies
z € Z,y € Y,r € X of player 1, player2 and player 3 respectively. Thus the operations z € Z,y €
Y,z € X will be replaced by the following operations z € O, (Z),y € O, (Y) and z € O.,(X), where
the O¢(+) is the e—neighborhood of sets. For simplicity we will used the following notations to denote
the errors of mathematical operations: FE, = (e;,04), By = (gy,y), E. = (€2,a;). It should be
mentioned that the errors o, oy, a, will diminish the maximum value of the payoff function for the
players.

Using these errors the Stackelberg equilibrium profiles in the dynamic game of three players with
three stages can be found by the following backward induction algorithm:
AA) forall z € O, (Z) and y € O, (Y) the payer 3 will choose the following best response function

(59 Br) € R 20, B) = {7 € 0o ()5 _max H(z0) — 0 = H(svpa”) )

BB) for all z € O (Z) the payer 2 will choose the following best response function
y*(z, By, Ey) € L(F, 2, Ey, Ey) =

_ {y*<z> cO.(V): max Pz, ya* (2, 9(2)) -

min
Y€Oe, (Y) 2 (2,y(2))€R(2,y,Ex)
—ay = F(2,y" (2, By B), @ (5,7 (2, By Bo), ) |
CC) the player 1 will choose the following best response reaction
2 (B, Ey,Ey) € 2% (G, E,, Ey, Ey) =

e 0., (7): i G(z,y*(z,E,, E
(conms o, i G )

— . = G(*(Ez, By, Ba),y' ("B, By, E2)) |
Let us introduce the following definition.

Definition 3 For errors of mathematical operations E = (E,, Ey, E;) the strategy profiles

{Z* (Eza Ez,nEm) 7y*<Eya Em),CU*(Eg;)} =
= {2 (E., By, Ey) ,y" (2" (B, By, Ey) Ey, Ey), a* (2" (E;, Ey, Ey) ,y* (2" (E., Ey, Ey) Ey, Ey), Ey) }
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defined by the steps AA)-CC) of the backward induction algorithm are called the E—Stackelberg
equilibrium profile in the dynamic game of three players with three stages I' and are denoted by

SE(T; E,, E,, E,).

Also, for simplicity we use the notations E!. = (g, al), Eé = (52, ozél), E! = (g,al) to de-
note the minimal errors of mathematical operations to determine the Stackelberg equilibrium profiles
SE(L;EL, El, EL) and E] = (e7,a%), E} = (¢}, 04), B} = (£}, %) to denote the maximal available er-
rors of mathematical operations to determine the Stackelberg equilibrium profiles SE(T'; E, Ey, EY).
Mention that the errors E, E! = (Ei,Eé,Ei) ,ET = (E;,E;,E;) are inevitable for the computing
process to obtain the Stackelberg equilibrium profile in the dynamic game of three players with three
stages and can not be modified by the players.

So according to these errors we introduce the following definition.

Definition 4 For errors E.. = (g;,glf), EL = (eh,a}), B = (e, al), B = (], ap), BL = (¢}, 0l), BT =
(eh,al) the set of strategy profiles SE for which the following conditions

SE (r;Ei,E;,E;) c SE c SE (T EL, B, EL)

are fulfilled is called the full set of (E', E")— Stackelberg equilibrium profiles in the dynamic game of
three players with three stages.

Let the M = {(G,F,H) /G :Z XY - R F:ZxY xX —R,H:ZxY xX — R} denote the
set of payoff functions which are used to describe the strategic form I'(M) of the dynamic game of
three players with three stages. For any perturbations 6 = (6,,d,,6,) and m = (G, F,H) € M we
introduce the set of d— perturbed payoff functions m :

Ms(m) = {n = <G527F5y7H,;m> cosup  |G(zy) = G, (2,9)] <05

ze€ZYyey

sSup )F(Z,y,m)—Féy(z,y,x)‘ é(sya sSup ‘H(z,y,x)—Héz(z,y,$)} ééﬂ?}
zeZyeY,xeX zeZyeY,xeX

Thus for all §—perturbed payoff functions <G52,F6y,H§z> € Ms(m) the strategic form of the
dynamic game of three players with three stages

F5:<Z,Y,X;G(;Z:Z><YHR,F%:ZXYXXHR,HM:ZXYXXHR>

is considered. This game is called d—perturbed dynamic game of three players with three stages.

We introduce the following definitions of stability of the E—Stackelberg equilibrium profile and
the full (E', E")— Stackelberg equilibrium profiles in the dynamic game of three players with three
stages.

Definition 5 The set of E—Stackelberg equilibrium profile SE(I'; E,, E,, E;) is called stable on the
sets of admissible errors E,, Ey, E, if there exists a value of perturbation 6 > 0, and such errors
E’Z,Ey,f?z, that for all 6— perturbed functions Gs, € Ms(m), Fs, € Ms(m) and Hs, € Ms(m), which
determine the strategic form game L's,the following conditions are satisfied

1) SE (ra,Ez,Ey,Ex,G(;(z,y)) £ o

2 U SE(F(;,EZ,EZ,,EQC)CSE(F,Ez,Ey,EI).

GseMs(m)
FseMs(m)
HseMgs(m)

20



Matematicd Seria , Stiinte exacte si economice” ISSN 1857-2073

Here E = (EZ,Ey,EI> means the "errors of the players" to determine theirs strategies which

forms the Stackelberg equilibrium profiles. Then the set of parameters {5, EZ, Ey, Ex} for which the

conditions 1)-2) of the definition 5 are satisfied, is called set of stability of E—Stackelberg equilibrium
profile in the dynamic game of three players with three stages and is denoted by S (6, E., Ey, E;) .

So, for all {5,@,@,@} € S(6,E.,E,, E,), the E—Stackelberg equilibrium profile in the d—
perturbed dynamic game I's is the E—Srackelberg equilibrium profile in the nonperturbed dynamic
game I'. On other hand, if for all parameters {5, E., E,, Ez} € S(0,E,,Ey, E,) the strategy profile

(z*,y*,z*) belongs to SE (Fg,EZ,Ey,Em> , it is true that (2*,y*,2*) € SE(I', E,, Ey, E,).
Also, the stability analysis of the E—Stackelberg equilibrium profiles in the dynamic game of three
players with three stages consists of determining the stability set S (3, E., Ey, E;) .

Definition 6 The full set of (E', E")—Stackelberg equilibrium profile SE is called stable on the sets of
admissible minimal and mazimal errors E7, E;, By, Ei,E?lJ, Ei, if there exists a value of perturbation

0 > 0, and such errors EZ, E;, E;, E‘é, Ezl/, Ei,, that for all 6— perturbed functions Gs, € Ms(m), Fs, €
Ms(m) and Hs, € Ms(m), which determine the strategic form game L's, the following conditions are
satisfied

1) SE (rg,E;,E;,E;) £0, SE (r(;,Eg,E;,E;) £ 0,

2) SE (T, EL, EL, EL) ¢ SE (U5, B, By, By )

3) U se(rs BBy Er) c SE (T EL By, B)
G(;ZGM(;(’ITL)

ng €Ms(m)
Hs, EMg(m)

4) () se(rsBLELE) 5 sE (N ELELEL;
Gs,€Ms(m

)
Fs, €Ms(m)
Hs, €Ms(m)

Here E! = <E’2,EL,E§:) ,E" = (E;,E;,E;) mean the minimal and respectively maximal errors
of the players to determine their strategies which forms the Stackelberg equilibrium profiles. Then
the set of parameters {5 , E;, E‘; , E;, Ei, E’é, Efc} for which the conditions 1)-4) of the definition 6 are
satisfied is called full set of stability of (E', E")—Stackelberg equilibrium profile in the dynamic game
of three players with three stages and is denoted S (6, Ei, E?ZJ, Elm, EZ, Ey, E;) .

So, for all {5, E;,E;,E;,EQ,E;,E;} € S(5,EL,EL, EL EL, El, Er) , the full set of (EZE) —
Stackelberg equilibrium profile in the §— perturbed dynamic game I'y is the full set of (El,ET) —
Srackelberg equilibrium profile in the nonperturbed dynamic game I'. On other hand, if for all pa-

rameters {5, EL,E?S,EL,E’;,E;,EQ} e s (6,EQ,E§J,E§:,E§,E§,E§) the set of equilibrium profiles
SE satisfies the conditions SE (F(;,EZZ,EL,ED c SE c SE (D;,E;,E;,E’;) , it also satisfies the
following SE (I, EL, B}, EL) ¢ SE  SE (U, EL, B} EY) .
The stability analysis of the full set of (El, ET) — Stackelberg equilibrium profiles in the dynamic
game of three players with three stages consists of determining the stability set S (5, Ei, Ezl/’ E;lt, EZ, Ey, E;) .
We can prove the following theorem which describes the stability set S ((5, EL, Ezl/7 EL ET, Ey, E;) .

21



STUDIA UNIVERSITATIS
Revisti stiintificd a Universititii de Stat din Moldova, 2008, nr.8(18)

Theorem 7 If for the dynamic game of three players with three stages in strategic form I' the con-
ditions of the theorem 2 are satisfied then the stability set to determine the full set of (El,ET) —
Stackelberg equilibrium profiles is

s (5. BL, EL, BL BL By, By ) =
= {E;,E;,ET E.E. E. /g”" <el—b,a <ol —26,,8 > +6.,al > al +26.,
T > e+ 0y, 00 > oy + 20,8, <€l —4,,d, < al, — 26,

e <en (5;,3,0%Saw—%m,sx2596—1—5;2,542}204;4—261}.

Proof. Let & = (E,,E,, E,), & = (E;,E;,E;), = (Ei,EzlJ,Ei) The theorem 2 implies
that SE (F(;, E’;, EZ, E;) #0, SE (F(;, Ei, E{,, Ei) # (). As errors &l give the better precision of the
solution than errors £ we have the condition 2) of the definition 6.

Let <z* (gr) Ly <5~’r> " (ENv")) €SE (F5,£~T> for arbitrary perturbed functions (G(;Z, Fsy,H5m> €
Ms(G, F,H), i. e. the following conditions

(&) eRr (Ha e (gr) x (;y)) 7
v (€7) € L (Fy,. 2 (£7)),
(&) e z* (G(;Z,E”)
are fulfilled. Then for errors €, < el — 6., &, > e + 0y, &, < € — 0z, @ < af — 20, @y, > ay + 20y,
and a., < ol — 20, it is easy to prove that
v (&) € R(H, 2 (€7), 5 (€7)),
y* (E7) € L(F,2*(£7)),
2 (E7) € 25 (G, &)

obtained.

Let (2% (€1) ,y" (€') ;2" (£')) €

which imply <z* (EN") < > x* ( )) € SE(T,E"). So, the condition 3) of the definition 6 is
SE(

r El) so the following conditions are fulfilled:
') e R (H 2 (5’) v (€)),

For all arbitrary perturbed functions (G(;z,Féy,Héz> € Ms(G, F,H) and errors ’52 > el +6,,
E; < 5ly — 0y, Eﬁc > el + 4, &lz >al +24,, &é < oz; — 20y, 54; > al, 4 26, it is easy to prove that

z ol 2* *
1(8) e R (o () 07 (£)).
y* gl el (F(;y,z* (gl» ,
7 (€Y e z* (Gaz,gl)
which imply (z* (Sl) ,y* (El) , ™ (SZ)) cSE (Fg, gl) . So the condition 4) of the definition 6 is verified.

The theorem is proved.
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Due to the theorem 7 for perturbation J, of the function G and for maximal error ¢’ of the
operation "z € O, (Z)” and minimal error €, of the operation "z € O, (2)7, the maximal €]

and respectively minimal E{Z errors of the player 1 to execute the operations "z € O (Z)” and

respectively "z € O (Z)” satisfy the conditions €, < & — ¢, and gl > €l +6.. Similarly, for

the maximal error ol of the operation ”z* € Z* (G, E}, E}, E;)” and the minimal error ol of the

operation 7 z* € Z* (G, EL, EZZJ, Ei) "7, the maximal &, and minimal ai errors of the player 1 to execute
the operations ”z* € Z* (G(;z,E;, E’;, E;) "and 7z* € Z* (G(;Z,Efz, Eé, Eglc) ” respectively, satisfy the

conditions & < o’ — 26, and & < al 4 26..
Also, for perturbation d, of the function F, maximal error £ of the operation "y € Oy (Y)”

and minimal error 5ly for the operation "y € O. (Y)”, the maximal ) and minimal '5; errors of
Yy

”

the player 2 to execute the operations "y € Oz (Y)” and respectively "y € O (Y)” satisfy the
Y

conditions EZ > e, + 0y and '5; < «si/ — 0y. Similarly, for the maximal error «; of the operation

"y* € L(F, 2, By, E})”, and the minimal error aly of the operation "y* € L(F, z, Eé, EL)”, the Iilaximal
-

y

and the operation "y* € L(F(;y,EzlJ, EL)” satisfy the conditions &, > oy + 26, and 54; < Ozé — 20,.
In the same way, for perturbation ¢, of the function H, maximal error £/, of the operation "z €
Ogr (X)” and minimal error €}, for the operation "z € O (X)7, the maximal €, and respectively

a; and respectively minimal &; errors of the player 2 to execute the operation "y* € L(Fj,, £y, E;)”

minimal 2, errors of the player 3 to execute the operations "z € Oz (X)” and respectively "z €

l

ng—c (X)” satisfy the conditions &/, < ¢’ — 6, and &, > &L + §,. For the maximal error o/ of the

operation "2* € R(H, z,y, E7)” and the minimal error o/, of the operation "z* € R(H,z,y, EL)” the
maximal &, and minimal &frerrors of the player 3 to execute the operation "z* € R(H;,,2,y, E;)”
and the operation "z* € R(H;,,2,y, Ei)” respectively satisfy the conditions a;, < af — 20, and
&, > ol + 20,

The qualitative results of these theorem are the following. For ensure the stability of the full set
of (El, ET) — Stackelberg equilibrium profiles in the dynamic game of three players with three stage
it is sufficient that the player 1 decreases by §, the errors g7, relative to error €, and by 20, the error
a;, relative to error a; respectively he increases by ¢, the errors Elz relative to error €/, and by 26§,
the error &i relative to error al. For the player 2 the operations are reverse: it is sufficient to increase
by ¢, the errors ?—:Z relative to error £y, and by 24, the error &; relative to error «; and respectively
to decrease by d, the errors '5; relative to error sé, and by 26, the error &; relative to error ozi/. By
the player 3 it is similar to the player 1: he decreases by d, the errors €, relative to error €, and by
20, the error &, relative to error af; respectively he increases by d, the errors Esvfr relative to error .,
and by 20, the error &, relative to error .

The stable set S (6, E., Ey, E;) is described by the following corollary.

Corollary 8 If the dynamic game of three players with three stages in strategic form I' is satisfied
the conditions of the theorem 2 then the stability set S (6, E., Ey, E;) for determine the E—Stackelberg
equilibrium profiles in the dynamic game of three players with three stage is satisfied the following
conditions:

€. < e —0ya;<a; -2,
Ey > gyt 0y 0y > ay+ 20y,
€ < €5 — 0z; gy < ay — 20,.
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