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GEOMETRIA SUPRAFETELOR iN SPATIUL MINKOWSKI 3-DIMENSIONAL Rf
FOLOSIND MATLAB

Alina-Mihaela PATRICIU

Universitatea ,, Vasile Alecsandri” din Bacau

In this article we present a case that shows the utility of Matlab language in studying the geometry of surfaces in
3—dimensional Minkowski space R;. In some cases, for example, for different parameterizations of surfaces, the

computations become cumbersome or even impossible and in this point appear MATLAB’s usefulness. To exemplify
such situations, in this paper is presented a sequence from the program used to obtain various elements of the geometry
of such surfaces.

Preliminarii

Fie R’ spatiul vectorial real 3—dimensional. Perechea (R3,< , > 1) , notata Rf’ , unde pseudoprodusul
scalar < , >1 este dat de
<x,y>1 =XV XYy F X33 (D)
pentru orice x = (x1,X3,x3),¥ = (y1,V2,V3), se numeste spatiu Minkowski 3-dimensional.

Pentru o suprafata S data parametric prin X (u,v) = (x(u,v), y(u,v),z(u,v)), vectorul normal unitar la S
este dat de

po XunXy )
[Xu A X
unde, X, = 6_x,6_y’@ , X, = (G_x’Q’@ ,iar X,, A X, —produsul vectorial in Rf definit de:
Ou Ou Ou ov Ov Ov
—e e e
anb=|ay  ay a3|=((azby —azby),~(ajby —azby),a;by —azby) 3)
by by b3
Curbura Gaussiand a unei suprafete temporale este data de
2
K= M : (4)
EG-F
iar curbura medie de:
H:lEN—2FM;rGL 5)
2 EG-F
unde £, F, G sunt coeficientii primei forme fundamentale a suprafetei S dati de:
E=(Xy, X)), F=(Xy,X,),G=(X,,X,),» (6)
iar L, M, N sunt coeficientii celei de a doua forme fundamentale determinati prin:
L=~(n,, X,), M =~(n,, X)) = ~(n,, X, ) =N = (n,,, X)), (7)
In [3] am definit A , — suprafata elicoidala ca fiind suprafata elicoidala data parametric prin:
X(u,v)=(u+b(v),—a(u)sinv,a(u)cosv) ®
cu a(u)a'(u) #0.
In [4], suprafata S data prin
P(u,v) = P(u,v) + 8- n(u,v), 9)
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unde: S este o suprafatd orientabild, n — vectorul normal unitar la S, P € § ,15 eS , O — constantd reala

pozitiva, a fost denumita suprafata paralela cu suprafata S la distanta O .

Rezultatele principale
Vom studia /| — suprafata elicoidala S data de (8) in cazul a(u) = Au+ Bsi b(v) =Cv+D:
X(u,v)=(u+(Cv+ D),—(Au + B)sinv,(Au + B)cosv) (10)
Normala la suprafata este data de:
_ (—A(Au + B),(Au+ B)sinv+ ACcosv, ACsinv — (Au + B)cosv)

(11)
VARC? 4 A2u% +24Bu + B — 4% —243Bu - 42 B>
Inlocuind X u §i X, in formulele (6), obtinem:
E=A4"-1, F=-C,G=Au"+2ABu+B*-C". (12)

Cum
_[c4*C?, 4°C7 siny— 4°C(1- A*)(Au+ B)cosv,~(4’C” cosv + (du+ B)A*C(1- A4 )smv))
(A°C* + A’u” +2A4Bu+ B’ — A*w* —24°Bu— A>B*)*"”

(0, (Au+ B)cosv — ACsmv,ACcosv+ (Au + B)sin v)

(A2C2 + 422 +24Bu+ B? — 4*u? —24%Bu— 42B%)3'2

folosind (7), obtinem urmatoarele valori ale coeficientilor celei de a doua forme fundamentale a suprafetei S:
4%C
VA2C? + 422 +24Bu + B? — 4*u® —243Bu— A2B? (13)
~ (Au + B)?
VA2C? + A%u% +24Bu+ B2 — A*u? —24°Bu— A2B?
de unde, din (4), curbura Gaussiana are valoarea:

n

u

L=0,M=~—

K =A*C? /(4%C? + A%u? +24Bu+ B? — 4% —24°Bu— 4?B?)? (14)
si, din (5), curbura medie este:
H =[(Au+B)*(4% 1)+ 24°C*1/2(4%C? + 4%u® +24Bu+ B* - 4*u* =243 Bu— 4% B?) (15)

In continuare facem calcule similare pentru suprafata paralela la H , — suprafata elicoidala datd de (10).
Folosind definitia suprafetei paralele si (11), obtinem urmatoarele ecuatii parametrice ale suprafetei paralele:

A(Au + B)

JA2C? + 22 +2A§u+gz _—A4ujC—2A3Bu—A232 6
Y(u,v) =—(Au+ B)sinv+9d (Aut B)sinv + ACcosv (16)

JA2C2 + 4202 +24Bu+ B — A*u? — 243 Bu— A2B2
ACsinv—(Au+ B)cosv

VA2C? 4 422 +24Bu+ B2 — 4*u? —2.43Bu— 42 B>
si coeficientii primei forme fundamentale vor fi:
= —(—4A°Bu’ + 44’ BC*u+124°B*u — A°C* =3A4°B* + A*C* + 57 A°C* +
R2ABC? -5 A'C* +6A4°B°u” —18A4*B*u” +2A4*C*u” +184°B*u’ —
—6A*B*u” +4A4°Bu’ —12A4°Bu’ + 4ABu —124°Bu’ + 4AB*u—124°B’u —
~4ABu—A"u* +34%" + A 34" +34°B* + B* +124" Bu’ +
2A°B°C* +2A4°C*u* —4A°u* +3A4°B* + B* +124’Bu’ +2A°B*C* +
2A°C*u* —4A4°C°u* —44°B*C* — A°B* —8A°BC*u+44"BC*u)/
(A°C* + A’u” +2ABu+ B> — A*w* - 2A4°Bu— A’B*)’;

X(u,v)=u+Cv+D-35

Z(u,v) = (Au + B)cosv+9d
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F=C(A4C* + A*u* +2ABu+ B> — A*u* -2 A4’ Bu— A*B* -
2SN AC? + A4’ +24Bu+ B — A —24’Bu— A°B> +
+02A%) ] A°C* + Au* +2ABu+ B> — A*u* =24’ Bu— A*B*;

G=—-(44°BC%u—-A>B* - B?C? +5°B> - 42C* —64*B*u? +24%C%u? +
+ A%u* +24°B%*C? +64°B*u? 443 Bu® —44°Bu> + 4AB3u — 443 B3u -
~42C%u? — 4% + B* +28% 4Bu —24BC2u+5%4°C* + 8% 4%u” +
— 454BuN A2C? + A%u® +24Bu + B? — 4*u® —243Bu — 4*B? -
—28B2A2C? + 4%u? + 24Bu + B2 — 4%u? —24%Bu — 4*B%) -

— 2542\ A2C? + A%u? +24Bu + B2 — 4%u? —243Bu— A%B2)/
4%C? + 4%u? +24Bu + B* — 4*u? —243Bu - 4% B>,

In cele ce urmeaza vrem sd determindm vectorul normal unitar la suprafatd, 7 , ale carui componente vor
fi folosite, de exemplu, la determinarea coeficientilor celei de a doua forme fundamentale a suprafetei para-
lele. Insa, se poate verifica faptul cé incercarea de a obtine aceste componente este dificila i aici va interveni,
in acest moment, limbajul Matlab.

Liniile de comanda

clear all
syms u v A B C D delta
a=A*u+B;
b=C*v+D;
C=A"2* (C"2+u”2-B"2) +2*A*B*u+B"2-A"3*u* (a+B) ;
% ecuatiile parametrice ale suprafetei paralele
x=utb-delta*A*a/c;
y=-a*sin (v)+delta* (a*sin (v)+A*C*cos(v)) /c;
z=a*cos (v)+delta* (A*C*sin (v) —a*cos (v)) /c;
% componentele vectorilor X u si X v
x u=diff (x,u);

y v=diff ;

z v=diff(z,v);
% componentele numdrdtorului din formula vectorului normal unitar

Nl= simplify(-(y u*z v-z u*y v));

N2= simplify(-(x u*z v-x v*z u));

N3= simplify(x u*y v-x v*y u);
returneaza, de exemplu, urmatoarea valoare a primei componente a vectorului normal la suprafata:

N1 =

—A* (-63*A"N6*BN5*ut2+7*AN12*u”6*B+35*A"10*ur4* B "3+7*ANT* B 6 u-105*A"T*B 4 *u”3-
63*A"9*u”5*B"2-21*A"10*u"6*B-105*A"8*u”4*B*3+105*A"5*B"4*u"3-A"2*delta”2*B"3-
3*ANT* CN4*un3-ANT*CrN6*u-35*A"4*ur4*B"3-3*A"4*B"T7+6*A"3*delta*B " 2*u*C*2+105*A"6
*UN4A*BA3+35*XANO* BN A U3 -3* AN KFCNA*BN34+3*XAN6*FCN4*BN3-AN6*CN6*Btdeltat2*BN3-7*B"6*
A*u+t63*AM4*BA5*ut2+21*AN3*BN6*u+21*AN8* *BN5*ut2+AN6* BN T+6* A4 *BN5*Ch2-3* A1 1
urS*C " 2+21*AN11*un"S5* BN 243 AN9*CN4*ut3-3* AN 2*BN5*CM2-21*A"2*B"5*u”2+A"3*deltat2*
ut3=-3*A"T*urS*C " 2-T*A"6*u"6*B-A"5*delta”2*u”3+63*A"T7*u”5*B"2-21*A"5*B"6*u-3*A"6*
BAS*CA2+6*ANO*uNS*CN24+21*ANB* un6*B-21*A5*u”5*B"2+3*A"2*delta”"2*B*u"2-B"7+
3*AN2*ABNT-ANT* UM T+HAN13*uNT=-3*AN11*uNT+3*AN9*urT7-6*A"6*delta*u2*B*C "2-6*A"5*
delta*u*B"2*C"2+6*A"4*delta*B*ut2*C"2-2*A"4*C"2*B"3*delta-30*A"5*C*2*B"2*u"3~-
30*AN4*C2*BN3*ut2-15*A"3*C 2*BM4*u-2*A"T7*C"2*u"3*delta-15*A"10*u”4*B*C"2+30*
ANS*BMN*u*Cr2+3*delta”2*B 2 A*u+2*AN2*delta*BM"3*C N 2-15*A"6*u”4*B*C"2+9*A"8*C"4
FUN2*B-9*ANSXCNA*UFBN2-9FANGFCNAFUN2* B+ IXANTACANA*urBN2-35*AN3*BN4*un3+2* ANE*
Cr4*delta*u-3*A"3*delta2*u*B"2+2*A"5*C 2*u”3*delta-2*A"4*delta”2*C"2*B+A"3*
delta”2*C"2*u+A"2*delta”2*C"2*B-3*A"4*delta”2*u”2*B+60*A"6*C "2*u"2*B"3+60*A"T*
Ch2*u”3*B"2-30*A"8*C"2*u”2*B"3-30*A"9*C"2*u”3*B"2+30*A"8*u"4*B*C"2-15*A"T*B"4*
u*C 2+2*A"N4*Cr4*delta*B-2*A"5*delta”2*C*2*u) / (-A"2*C"2-A"2*u”2+A"2*B"2-2*A*B*u-
BM"2+AN4*un2+2*AN3*u*B) *3
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Concluzii

Desi, uneori, chiar daca utilizam programul Matlab, expresiile obtinute sunt greu de utilizat in calculele in
care ele intervin, avem avantajul cd putem merge mai departe, cu ajutorul programului, pentru a obtine alte
caracteristici ale suprafetelor. Astfel, utilizand

o©

coeficientii primei forme fundamentale
E=simplify(-x u”2+y u”2+z u"2);
F= simplify(-x u*x v+y u*y v+ z u*z v);
G= simplify(-x v"2+y v"2+z v"2);
norma vectorului normal la suprafata
NN=simplify (-N1"2+N2"2+N3"2) ;
% componentele vectorului normal la suprafata
nx=N1/NN; ny=N2/NN; nz=N3/NN;
derivatele partiale ale vectorului normal la suprafata
nx u=diff (nx,u); nx v=diff (nx,v);
ny u=diff (ny,u); ny v=diff (ny,v);
nz_u=diff(nz,u); nz v=diff (nz,v);
coeficientii celei de a doua forme fundamentale
L=simplify(-nx u*x u+ny u*y u+nz u*z u);
M=simplify(-nx u*x v+ny u*y v+nz u*z v);
N=simplify(-nx v*x v+ny v*y v+nz v*z v);
curbura Gaussiana
K=simplify ((L*N-M"2)/ (E*G-F"2)) ;
% curbura medie
H=simplify ((E*N-2*F*M+G*L) / (2* (E*G-F"2)));

o©

o

oe

e

se pot gasi curbura Gaussiana si curbura medie a suprafetei paralele, sau, similar, alte elemente ale geometriei
suprafetelor.

Performantele deosebite fac din pachetul de programe Matlab un ,;mediu” de lucru util pentru multe
categorii de utilizatori.
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