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În acest articol sunt studiate unele proprietăţi ale ( )mn, -izotopiilor omogene ale grupoizilor topologici paramediali 

cu ( )mn, -unităţi. Au fost extinse unele afirmaţii ale teoriei grupurilor topologice în clasa quasigrupurilor topologice 
paramediale. 

 
 
1. Introduction 

In this article we study the ( )mn, -homogeneous isotopies of paramedial topological groupoid with 
multiple identities and measure Haar on paramedial topological quasigroups. The results established in this 
paper are related to the results of M. Choban and L. Kiriyak in [1] and to the research papers [2-7]. In section 
4 we expand on the notions of multiple identities and ( )mn, -homogeneous isotopies introduced in [2]. This 
concept facilitates the study of topological groupoids with ( )mn, -identities. In this section we prove that if 
( )+,G  is a paramedial topological groupoid and e  is a ( )pk, -zero, then every ( )mn, -homogeneous isotope 
( )⋅,G  of ( )+,G  is a paramedial topolgical groupoid, with ( )npmk,  - identity e  in ( )⋅,G . In section 5 we study 
the direct products of groupoids with multiple identities. In this context we prove some assertions on the direct 
products. In section 6 we mention some remarks on Haar measures on paramedial topological quasigroups. 
We shall use the notations and terminology from [1-3, 13].  

 

2. Basic notions 

A non-empty set G  is said to be a groupoid relatively to a binary operation denoted by {}⋅ , if for every 
ordered pair ( )ba,  of elements of  G  there is a unique element Gab∈ . 

If the groupoid G  is a topological space and the binary operation ( ) baba ⋅→,  is continuous, then G  is 
called a topological groupoid.  

An element Ge∈  is called an identity if xxeex ==  for every Xx∈ .  
A quasigroup with an identity is called a loop.  
A groupoid G  is called medial if it satisfies the law ytxzztxy ⋅=⋅  for all Gtzyx ∈,,, . 
A groupoid G  is called paramedial if it satisfies the law zxtyztxy ⋅=⋅  for all Gtzyx ∈,,, . 
A groupoid G  is called bicommutative if it satisfies the law yxtzztxy ⋅=⋅  for all Gtzyx ∈,,, . 
If a paramedial quasigroup G  contains an element e such that ( )xexxxe =⋅=⋅  for all x  in G , then 

e  is called a left (right) identity  element of G  and G  is called a left (right) paramedial loop. 
 
3. Groupoids with multiple identities 

Consider a groupoid ( )+,G . For every two elements ba,  from  ( )+,G  we denote: 
( ) ( ) bababa +=+=+ 1,,,,1  and ( ) ( )( )+−+=+ ,,1,, banaban , ( ) ( )( ) bnbanba +−+=+ 1,,,,  for all 2≥n . 

If a binary operation ( )+  is given on a set G , then we shall use the symbols ( )ban ,  and ( )nba,  instead 
of ( )+,,ban  and ( )nba +,, . 

 
Definition 3.1 Let ( )+,G  be a groupoid and let 1, ≥mn . The element e  of  the groupoid ( )+,G  is called: 
- an ( )mn, -zero of G  if eee =+  and ( ) ( ) xmexxen == ,,  for every Gx∈ ; 
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- an ( )∞,n -zero if eee =+  and ( ) xxen =,  for every Gx∈ ; 
- an ( )m,∞ -zero if eee =+ and  ( ) xmex =,  for every Gx∈ . 
Clearly, if Ge∈  is both an ( )∞,n -zero and an ( )m,∞ -zero, then it is also an ( )mn, -zero. If ( )⋅,G  is a 

multiplicative groupoid, then the element e  is called an ( )mn, -identity. The notion of ( )mn, -identity was 
introduced in [2]. 

Example 3.1 Let  ( )⋅,G  be a paramedial groupoid, Ge∈  and xxe =  for every Gx∈ .  Then ( )⋅,G  is 
paramedial groupoid with ( )1,2 -identity e  in G . Indeed, if Gx∈ , then xxeexeeexeexeeexe ==⋅=⋅=⋅=⋅ . 

Example 3.2  Let { }8,7,6,5,4,3,2,1=G . We define the binary operation {}⋅ . 

 
( )⋅  1 2 3 4 5 6 7 8 
1 1 2 3 4 7 8 5 6 
2 2 1 4 3 8 7 6 5 
3 5 6 7 8 3 4 1 2 
4 6 5 8 7 4 3 2 1 
5 3 4 1 2 5 6 7 8 
6 4 3 2 1 6 5 8 7 
7 7 8 5 6 1 2 3 4 
8 8 7 6 5 2 1 4 3 

 

Then ( )⋅,G  is a paramedial and non-medial quasigroup. For example, ( ) ( ) ( ) ( )53245234 ⋅⋅⋅≠⋅⋅⋅ . In 
this case we have that  1 and 5  are ( )2,2 - identities in ( )⋅,G . 

4. Homogeneous isotopies 

Definition 4.1 Let ( )+,G  be a toplogical groupoid. A groupoid ( )⋅,G  is called a homogeneous isotope of 
the topological groupoid ( )+,G  if there exist two topological automorphisms ( ) ( )+→+ ,,:, GGψϕ  such 
that ( ) ( )yxyx ψϕ +=⋅ , for all Gyx ∈, .  

For every mapping XXf →:  we put ( ) ( )xfxf =1  and ( ) ( )( )xffxf nn =+1   for any 1≥n . 

Definition 4.2 Let ∞≤mn, . A groupoid ( )⋅,G  is called an ( )mn, -homogeneous isotope of a topological 
groupoid ( )+,G  if there exist two topological automorphisms ( ) ( )+→+ ,,:, GGψϕ  such that: 

1. ( ) ( )yxyx ψϕ +=⋅  for all Gyx ∈, ; 
2. ψψϕϕ = ; 

3. If ∞<n , then ( ) xxn =ϕ  for all Gx∈ ; 
4. If ∞<m , then ( ) xxm =ψ  for all Gx∈ . 

Definition 4.3 A groupoid ( )⋅,G  is called an isotope of a topological groupoid ( )+,G , if there exist two 
homeomorphisms ( ) ( )+→+ ,,:, GGψϕ  such that  ( ) ( )yxyx ψϕ +=⋅  for all Gyx ∈, . 

Under the conditions of Definition 4.3 we shall say that the isotope ( )⋅,G  is generated by the 
homeomorphisms ψϕ,  of the topological groupoids ( )+,G  and denote ( ) ( )ψϕ,,,, +=⋅ GgG .  

 

Theorem 4.1 If  ( )+,G  is a paramedial topological groupoid and Ge∈  is a ( )pk, -zero, then every 
( )mn, -homogeneous isotope ( )⋅,G  of the topological groupoid ( )+,G  is a paramedial groupoid with  
( )npmk, -identity e  in ( )⋅,G  for all Npnkm ∈,,, . 
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Proof. Let e  be a ( )pk, -zero in ( )+,G  and ( )⋅,G  be an ( )mn, -homogeneous isotope of the groupoid 
( )+,G . We will prove that e  is an ( )npmk, -identity in ( )⋅,G . We mention that ( ) ( ) eee rr ==ψϕ  for every 

Nr ∈ . If +∞<k , then in ( )+,G  we have ( ) xxerk =+,,  for each Gx∈  and for every Nr ∈ .  Let +∞<m  

and ( ) xxm =ψ  for all Gx∈ . Then ( ) ( )( )+=⋅ ,,1,,1 xexe ψ  and ( ) ( )( )+=⋅ ,,,, xerxer rϕ  for every 1≥r . 
Therefore  

( ) ( )( ) ( ) xxemkxemkxemk mk =+=+=⋅ ,,,,,, ψ . 
Analogously we obtain that  

( ) ( )( ) ( ) xnpxenpxenpxe np =+=+=⋅ ,,,,,, ϕ . 
Hence, e  is an ( )npmk, -identity in ( )⋅,G .  
We will prove that ( )mn, -homogeneous isotope ( )⋅,G  of the paramedial topological groupoid ( )+,G  is 

paramedial topological groupoid and zxtyztxy ⋅=⋅ . Really, using well known algorithm, we obtain  
( ) ( ) ( ) ( )( ) ( ) ( )( )

( )( ) ( )( )[ ] ( )( ) ( )( )[ ] ( )( ) ( )( )[ ] ( )( ) ( )( )[ ]
( )( ) ( )( )[ ] ( )( ) ( )( )[ ] ( ) ( )( ) ( ) ( )( )

( ) ( ) .zxtyxzyt
xzytxzyt

xzyttzyx
tzyxztxyztxy

⋅=⋅+⋅=
=+++=+++=

=+++=+++=
=+++=+=⋅

ψϕ
ψϕψψϕϕψψϕψψϕϕϕ

ϕϕϕψψϕψψψψϕψψϕϕϕ
ψϕψψϕϕψϕ

 

Hence,  ( )⋅,G  is a paramedial topological groupoid with ( )npmk, -identity e .  
The proof is complete. 
 
5. Direct products of groupoids with multiple identities 
 

Definition 5.1 The direct product nQQQ ××× K21  of the groupoids nQQQ ,,, 21 K  with operations 

noKoo ,,, 21 , respectively, is the set of n  - tuples ( )nqqq ,,, 21 K  where ii Qq ∈  with operation defined 
componentwise: 

( ) ( ) ( )nnnnn hqhqhqhhhqqq oKooKK ,,,,,,,,, 2221112121 =∗ . 
The least multiple common of  a  and b  we denote by ( )bac , . 
We will examine the direct product of the groupoids ( )⋅,1Q  and ( )o,1Q  with multiple identities. 
 

Theorem 5.1  Let ( )⋅,1Q  be a groupoid with an ( )mn, -identity and ( )o,2Q  be a groupoid with a ( )lk, -
identity. Then their direct product 21 QQG ×=  is a groupoid with a ( ) ( )( )lmcknc ,,, -identity. Furthermore: 

1) if ( )⋅,1Q  and ( )o,2Q are medial, then G  is medial too; 
2) if ( )⋅,1Q  and ( )o,2Q  are paramedial, then G   is paramedial too; 
3) if ( )⋅,1Q  and ( )o,2Q  are bicommutative, then G  is bicommutative too. 

Proof. Let 1e  be an ( )mn, -identity of ( )⋅,1Q  and 2e  be a ( )lk, -identity of groupoid ( )o,2Q . It is clear 
that in ( )⋅,1Q  we have ( ) xxeneee ==⋅ ,, 1111  and ( ) xmex =1, . Similarly in the groupoid ( )o,2Q  we 
have ( ) xxeneee == ,, 2222 o  and ( ) xlex =2, . We will prove that ( )21 ee ⋅  is ( ) ( )( )lmcknc ,,, -identity 
in 21 QQG ×= . Really,  

( )( ) ( ) ( )2122112121 ,,,,.1 eeeeeeeeee =⋅= o . Hence, ( )21 ,ee  is identity; 
( ) ( )[ ] ( ) ( )( )[ ] ( )( )

( )( )[ ] ( )( )
(( ) ( )( ) )[ ]( )

(( ) ( )[ ] ( );,,),,()
,1,),1),(()(

2,,)(,),(
1,,,,,,,.2

21

2121

212211

212121

yxknceykncex
eeknceykncex

knceeeeyeex
knceeeyexknceeyx

=⋅⋅⋅=
=−⋅−⋅⋅=

==−⋅⋅=
=−⋅=

o

o

Ko

o
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( ) ( ) ( )[ ] ( )( ) ( )( )[ ]
( )( ) ( ) ( ) ( )( )[ ]

( ) ( )( ) ( )( ) ( )( ) ( )[ ]
( ) ( )( ) ( ) ( )( )[ ] ( ).,,,,,,

,1,,,1,,
,,,,2,

,,1,,,,,.3

21

2121

221121

212121

yxyelmcxelmc
yelmcxelmcee

yeexeeeelmc
yexeeelmcyxeelmc

=⋅=
=−⋅−=
==⋅−=

=⋅−=

o

o

Ko

o

 

Hence, ( )21 ee ⋅   is ( ) ( )( )lmcknc ,,, - identity in 21 QQ × . The assertions 1-3 follows from well - known   
Birkhoff `s Theorem. 
The proof is complete. 
 

Corollary 5.1 If ( )⋅,1Q  and ( )o,2Q  are groupoids with an ( )m,1 -identity and an ( )1,n -identity 
respectively, then their direct product 21 QQG ×=  is a groupoid with an ( )mn, -identity. 

Proof. Follows from Theorem 5.1. 
 

Theorem 5.2 Let ( )⋅,1Q  be a groupoid with n  multiple identities ( ) ( ) ( )nn lklklk ,,,,,, 2211 K  and ( )o,2Q  
be a groupoid with t  multiple identities ( ) ( ) ( )tt rmrmrm ,,,,,, 2211 K . Then their direct product 21 QQG ×=  
has tn×  multiple identities of following types: 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( )tntntttt

nn

nn

rlcmkctrlcmkctrlcmkct

rlcmkcrlcmkcrlcmkc
rlcmkcrlcmkcrlcmkc

n

,,, .,,,.,,,.

,,, .2,,,.2,,,.2
,,, 1.,,, 1.,,, 1.

identitiesoftype)identities of  type)2            identities of  type)1

2211

2222222121

1112121111

K

KKKKKKKKKKKKKKKKKKKKKKKK

K

K

L

 

Proof. Let ( )⋅,1Q  be a groupoid with n  multiple identities ( ) ( ) ( )nn lklklk ,,,,,, 2211 K  and ( )o,2Q  be a 
groupoid with t  multiple identities ( ) ( ) ( )tt rmrmrm ,,,,,, 2211 K . We examine the ( )11 , lk -identity in ( )⋅,1Q  
and all multiple identities from ( )o,2Q . Using the Theorem 5.1  we obtain the first type of identities: 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )tt rlcmkctrlcmkcrlcmkc ,,, .,,,,, .2,,,, 1. 1121211111 K . 
For ( )22 , lk -identity in ( )⋅,1Q  and all multiple identities from ( )o,2Q  we apply Theorem 5.1 and we get 

the second type of identities: 
( ) ( )( ) ( ) ( )( ) ( ) ( )( )tt rlcmkctrlcmkcrlcmkc ,,, .,,,,, .2,,,, 1. 2222221212 K . 

Continuing this process, in finally, for ( )nn lk , -identity in ( )⋅,1Q  and all multiple identities from ( )o,2Q ,  
we obtain the thn −  type of identities: 

( ) ( )( ) ( ) ( )( ) ( ) ( )( ).,,, .,,,,, .2,,,, 1. 2211 tntnnnnn rlcmkctrlcmkcrlcmkc K  
Hence, we obtain tn×  multiple identities. 
The proof is complete. 
 

Example 5.1 Let { }4,3,2,1=Q . We define the binary operation {}⋅ .  

⋅  1 2 3 4 
1 1 2 4 3 
2 3 4 2 1 
3 4 1 3 2 
4 2 3 1 4 

We obtain a quasigroup ( )⋅,1Q  with 3 multiple identities:1 is a ( )3,2 -identity, 3 is a ( )2,3 -identity and 4 
is a ( )3,3 -identity.  
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Let { }4,3,2,1=Q . We define the binary operation { }o . 

o  1 2 3 4 
1 1 2 4 3 
2 3 1 2 4 
3 2 4 3 1 
4 4 3 1 2 

 
We obtain a quasigroup ( )o,2Q  with 2 multiple identities: 1 is a ( )2,2 -identity and 3 is a ( )2,3 -identity. 

We will examine the direct product of quasigroups 21 QQG ×= . 
 
( )∗  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
1 1 2 4 3 5 6 8 7 13 14 16 15 9 10 12 11 
2 3 1 2 4 7 5 6 8 15 13 14 16 11 9 10 12 
3 2 4 3 1 6 8 7 5 14 16 15 13 10 12 11 9 
4 4 3 1 2 8 7 5 6 16 15 13 14 12 11 9 10 
5 9 10 12 11 13 14 16 15 5 6 8 7 1 2 4 3 
6 11 9 10 12 15 13 14 16 7 5 6 8 3 1 2 4 
7 10 12 11 9 14 16 15 13 6 8 7 5 2 4 3 1 
8 12 11 9 10 16 15 13 14 8 7 5 6 4 3 1 2 
9 13 14 16 15 1 2 4 3 9 10 12 11 5 6 8 7 

10 15 13 14 16 3 1 2 4 11 9 10 12 7 5 6 7 
11 14 16 15 13 2 4 3 1 10 12 11 9 6 8 7 5 
12 16 15 13 14 4 3 1 2 12 11 9 10 8 7 5 6 
13 5 6 8 7 9 10 12 11 1 2 4 3 13 14 16 15 
14 7 5 6 8 11 9 10 12 3 1 2 4 15 13 14 16 
15 6 8 7 5 10 12 11 9 2 4 3 1 14 16 15 13 
16 8 7 5 6 12 11 9 10 4 3 1 2 16 15 13 14 

 
In this case G  is a quasigroup with 6 multiple identities: 1 is a ( )6,2 -identity, 3 is a ( )6,6 -identity, 9 is a 

( )2,6 -identity, 11 is a ( )2,3 -identity, 13 is a ( )6,6 -identity and 15 is a ( )6,3 -identity. Quasigroup G  contain 
4 subquasigroups { }4,3,2,11 =G , { }12,11,10,92 =G , { }16,15,14,133 =G , { }13,9,5,14 =G .  

 
6. Some remarks on Haar Measures on paramedial topological quasigroups 
By ( )XB  denote the family of Borel subsets of the space X . A non-negative real-valued function μ  

defined on the family ( )XB  of Borel subsets of a space X  is said to be a Radon measure on X  if it has the 
following properties: 

- ( ) ( ){ }HofsubsetcompactaisF,:sup HFFH ⊆= μμ  for every ( )HBH ∈ ; 
- for every point Xx∈  there exists an open subset xV  such that  xVx∈  and ( ) ∞<xVμ .  
 
Definition 6.1 Let ( )⋅,A  be a topological quasigroup with the divisions { }lr, . A Radon measure μ  on 

A  is called: 
− a left invariant Haar measure if  ( ) 0>Uμ   and  ( ) ( )HxH μμ =  for every non-empty open set AU ⊆ , 

a point Ax∈  and a Borel set ( )ABH ∈ ; 
− a right invariant measure if ( ) 0>Uμ  and  ( ) ( )HHx μμ =  for every non-empty open set AU ⊆ , a 

point  Ax∈  and a Borel set ( )ABH ∈ ; 
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− an invariant Haar measure if ( ) 0>Uμ  and ( ) ( ) ( )( ) ( )( ) ( )HxHrHxlHxxH μμμμμ ==== ,,   
for every non-empty open set AU ⊆ , a point  Ax∈  and a Borel set ( )ABH ∈ . 

 

Definition 6.2 We say that on a topological quasigroup ( )⋅,A  there exists a unique left (right) invariant 
Haar measure, if for every two left (right) invariant Haar measures 21 ,μμ  on A  there exists a constant 

0>c  such that ( ) ( )HcH 12 μμ ⋅=   for every Borel set ( )ABH ∈ . 
If  ( )+,G   is a locally compact commutative group, then on G  there exists a unique invariant Haar 

measure Gμ  [8,14]. We consider on the Abelian topological group ( )+,G  the invariant measure Gμ . Using 
the method of proof from [1] we can prove the following Theorems. 

Theorem 6.1 Let ( )⋅,G  be a locally compact paramedial quasigroup. Then: 
1. There is a commutative topological group ( ) GGG →+ :,,, ψϕ  continuous automorphism of  

( ) 22,,, ψϕ =∈+ GbG  and ( )bG ,0,,,, ψϕ+ ; 
2. If on the Abelian topological group ( )+,G  consider the invariant Haar measure Gμ , then on ( )⋅,G  the 

right(left) invariant Haar measure is unique; 
3. If μ  is a left (right) measure on ( )⋅,G , then μ  is a left (right) invariant Haar measure on ( )+,G  too; 
4. On ( )⋅,G   there exists some right invariant Haar measure if and only if ( )( ) ( )HH GG μϕμ =  for every 

( )ABH ∈ ; 
5. If +∞<n , and on G  there exists some ( )+∞,n -identity, then on ( )⋅,G  the measure Gμ  is a unique 

right invariant Haar measure; 
6. If +∞<m , and on G  there exists some ( )m,∞+ -identity, then on ( )⋅,G  the measure Gμ  is a unique 

left invariant Haar measure; 
7. If +∞<mn, , and on G  there exists some ( )mn, -identity, then on ( )⋅,G  the measure Gμ  is a unique 

invariant Haar measure. 
 

Corollary 6.1 Let ( )⋅,G  be paramedial quasigroup. Then there is an Abelian group ( )+,G  and element Qq∈  
and group automorphisms βα , , such that ( ) ( ) qyxyx ++=⋅ βα  for all Qyx ∈,  and  ββαα =  is fulfilled. 

The Corollary 6.1 was proved in [9],[10],[11],[12]. 
 

Theorem 6.2 Let ( )+,G  be a topological paramedial quasigroup and ( )⋅,G  be an ( )mn, -homogeneous 
isotope of ( )+,G . Then: 

1. On ( )+,G  there exists a left (right) invariant Haar measure if and only if on ( )⋅,G  there 
exists a left (right) invariant Haar measure. 
2. If on ( )+,G  the a left (right) invariant Haar measure is unique, then on ( )⋅,G  the a left  (right) 

invariant Haar measure is unique too. 
 

Theorem 6.3. On a compact paramedial quasigroup G  there exists a unique Haar measure μ  for which 
( ) 1=Gμ .  
The Theorems 6.1, 6.2 and 6.3 for topological medial quasigroups was proved in [1]. 
 

7. Examples 
 

Example 7.1 Let ( )+,R  be a topological Abelian group of real numbers.  
1. If ( ) xxxx == ψϕ ,)(  and yxyx +=⋅ , then ( ) ( )ψϕ,,,, +=⋅ RgR  is a commutative locally 

compact paramedial quasigroup. By virtue of Theorem 6.1, there exists a left and a right invariant Haar 
measure on ( )⋅,R . 
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2. If ( ) xx 7=ϕ , ( ) xx 7=ψ  and yxyx 77 +=⋅ , then ( ) ( )ψϕ,,,, +=⋅ RgR  is a commutative locally 
compact paramedial quasigroup and on ( )⋅,R  as above, by virtue of Theorem 6.1, does not exist any left or 
right invariant Haar measure. 

Example 7.2 Denote by { }1,...,1,0/ −== ppZZZ p  the cyclic Abelian group of order p . Consider 

the commutative  group ( ) ( ) ( ) ( ) xxxxZG 3,4,,, 7 ==+=+ ψϕ , yxyx 34 +=⋅ . 
Then ( ) ( )ψϕ,,,, +=⋅ GgG  is a medial,  paramedial and bicommutative quasigroup with one element 

( )3,6 -identity in ( )⋅,G , which coincides with the zero element in ( )+,G . 

Example 7.3 Consider the commutative group ( ) ( ) ( ) ( ) xxxxZG 3,5,,, 7 ==+=+ ψϕ  and yxyx 35 +=⋅ . 

Then ( ) ( )ψϕ,,,, +=⋅ GgG  is a medial and hexagonal quasigroup where each element is a ( )6,6 -identity in ( )⋅,G . 

Example 7.4  Consider the commutative group ( ) ( ) ( ) ( ) xxxxZG 4,,,, 5 ==+=+ ψϕ  and yxyx 4+=⋅ . 

Then ( ) ( )ψϕ,,,, +=⋅ GgG  is a medial, paramedial and bicommutative quasigroup where one element is a 
( )1,2 - identity in ( )⋅,G , which coincides with the zero in ( )+,G . 
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