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In acest articol sunt studiate unele proprietti ale (n, m) -izotopiilor omogene ale grupoizilor topologici paramediali

cu (n, m) -unitdti. Au fost extinse unele afirmatii ale teoriei grupurilor topologice in clasa quasigrupurilor topologice
paramediale.

1. Introduction

In this article we study the (n, m)—homogeneous isotopies of paramedial topological groupoid with

multiple identities and measure Haar on paramedial topological quasigroups. The results established in this
paper are related to the results of M. Choban and L. Kiriyak in [1] and to the research papers [2-7]. In section

4 we expand on the notions of multiple identities and (n, m) -homogeneous isotopies introduced in [2]. This
concept facilitates the study of topological groupoids with (n, m)—identities. In this section we prove that if
(G,+) is a paramedial topological groupoid and € is a (k, p) -zero, then every (n, m) -homogeneous isotope
(G.) of (G,+) is a paramedial topolgical groupoid, with (mk, np) - identity e in (G,). In section 5 we study
the direct products of groupoids with multiple identities. In this context we prove some assertions on the direct

products. In section 6 we mention some remarks on Haar measures on paramedial topological quasigroups.
We shall use the notations and terminology from [1-3, 13].

2. Basic notions

A non-empty set G is said to be a groupoid relatively to a binary operation denoted by {}, if for every
ordered pair (a, b) of elements of G there is a unique element abe G.

If the groupoid G is a topological space and the binary operation (a, b) — a-b is continuous, then G is

called a topological groupoid.
An element €€ G is called an identity if ex= xe= X for every Xe X .
A quasigroup with an identity is called a loop.
A groupoid G is called medial if it satisfies the law Xy-zt = xz- yt forall X,y,Zte G.

A groupoid G is called paramedial if it satisfies the law Xy-zt =ty-zx forall X,y,zteG.
A groupoid G is called bicommutative if it satisfies the law Xy-zt =tz- yX forall X,y¥,Zt e G.
If a paramedial quasigroup G contains an element €such that €- X = X (X- e= X) for all X in G, then

e is called a left (right) identity element of G and G is called a left (right) paramedial loop.
3. Groupoidswith multipleidentities

Consider a groupoid (G,+). For every two elements &,b from (G,+) we denote:

1(a,b,+)=(a,b,+)1=a+Db and n(a,b+)=a+(n-1)ab+), (ab+)n=(ab+) n-1)+b forall n>2.

If a binary operation (+) is given on a set G, then we shall use the symbols n(a, b) and (a, b)n instead
of n(a,b,+) and (a,b,+)n.

Definition 3.1 Let (G,+) beagroupoid and let n,m>1. The element e of the groupoid (G,+) iscalled:
-an (n,m)-zeroof G if e+e=e and n(e x) = (x,e)m= x for every xe G;
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-an (n,o)-zeroif e+e=e and n(g x)= x for every xe G;

-an (w0, m)-zeroif e+ e=eand (x,e)m= x for every xe G.

Clearly, if e G is both an (n,oo)—zero and an (oo, m) -zero, then it is also an (n, m) -zero. If (G,-) isa
multiplicative groupoid, then the element € is called an (n, m) -identity. The notion of (n, m)-identity was
introduced in [2].

Example 3.1 Let (G,~) be a paramedial groupoid, e G and xe= x for every xe G. Then (G,-) is
paramedial groupoid with (2,1) -identity € in G . Indeed, if X € G ,then e-ex = ee-ex = xe-ee= xe-e= xe= X.

Example3.2 Let G = {1,2,3,4,5,6,7,8}. We define the binary operation {}

D
N—"

R [QA[N [N | |W|N|—

R [QA[R (W NN —=| —
N0 | W AWV =N N
N[ N[N [— [0 || |W| W
N[~ (N |Q|0|W || &
N|—= NN [W[o[Q| W
— (N[N W[ |Q|co|
WO |QA(N (=[N
WA [Q[(o|— |||\

Then (G,-) is a paramedial and non-medial quasigroup. For example, (4 . 3)~ (2 . 5) # (4 . 2)'(3 . 5). In
this case we have that 1 and 5 are (2,2)— identities in (G,~).

4. Homogeneous isotopies

Definition 4.1 Let (G,+) be a toplogical groupoid. A groupoid (G,-) is called a homogeneous isotope of
the topological groupoid (G,+) if there exist two topological automorphisms @,y : (G,+) — (G,+) such
that X-y = p(x)+w(y),forall x,yeG.

For every mapping f : X — X weput f'(x)= f(x) and f™(x)= f(f “(x)) forany n>1.

Definition 4.2 Let n,m< oco. A groupoid (G,-) iscalled an (n, m)-homogeneous isotope of a topological
groupoid (G,+) if there exist two topological automorphisms ¢, : (G,+) — (G,+) such that:

1 X-y=o(x)+w(y) foral x,yeG;

2. pp=yy

3. 1f n< oo, then p"(x)=x for all xe G;

4. 1f m< oo, then y™(x)=x forall xeG.

Definition 4.3 A groupoid (G) is called an isotope of a topological groupoid (G,+), if there exist two
homeomorphisms ¢,y : (G,+) — (G,+) suchthat Xx-y = ¢(x)+w(y) forall x,yeG.

Under the conditions of Definition 4.3 we shall say that the isotope (G,-) is generated by the
homeomorphisms ¢, of the topological groupoids (G,+) and denote (G,-) = g(G,+, ¢,l//).

Theorem 4.1 If (G,+) is a paramedial topological groupoid and e G isa (k, p)—zero, then every
(n, m)—hormgeneous isotope (G,-) of the topological groupoid (G,+) is a paramedial groupoid with
(mk, np)-identity e in (G,-) for all mk,n,pe N.
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Proof. Let € be a (k, p)—zero in (G,+) and (G,-) be an (n, m) -homogeneous isotope of the groupoid
(G,+). We will prove that € is an (mk, np)—identity in (G,-). We mention that ¢' (e) =y’ (e) = € for every
r e N.If K < +o00, thenin (G,+) we have rk(e x,+)= x for each X € G and forevery r € N. Let m< +o0
and z//m(x) = X forall Xe G. Then l(e, X,-) = l(e,t//(x),+) and r(e, X,-) = r(e,(p' (X),+) for every r > 1.

Therefore

mk(e, x-) = mk(e,y ™ (x).+) = mk(e, x.+) = X.

Analogously we obtain that

(e x)np = (€. 0™ (X)+ Jnp = (& X+)np = X.

Hence, € is an (mk, np)—identlty in (G )

We will prove that (n, m) -homogeneous isotope (G,~) of the paramedial topological groupoid (G,+) is
paramedial topological groupoid and Xy - zt =ty - zX. Really, using well known algorithm, we obtain

Xy 2t = p(xy)+ () = plo(x)+p(y)) +y(p(2)+ (1) =
= lo(p(x))+ oy (Y)]+ v (2(2) +w ()] = [ (D) + 2w (V)] + v ((2) + plp(x)] =
=[p(ot)+ olw (V)] + v (¢(2)+  (w (x))]= olot) + w(Y) + v (p(2) +w(x)
=olt-y)+y(z-x)=ty- 2z
Hence, (G,-) is a paramedial topological groupoid with (mk, np)—identity e.
The proof is complete.

Ile

5. Direct products of groupoids with multiple identities

Definition 5.1 The direct product Q, xQ, x...xQ, of the groupoids Q,,Q,,...,Q, with operations
©0,,0,,...,°,, respectively, is the set of n - tuples (ql,qz,...,qn) where g, € Q. with operation defined
componentwise:

(Q1sQ2s-~=Qn)*(hlvhza-“’hn): (Q1 °1 hl7q2 °s h2=-~:qn °n hn)'
The least multiple common of & and b we denote by ¢(a,b).
We will examine the direct product of the groupoids (Q1 ,-) and (Q1 ,0) with multiple identities.

Theorem 5.1 Let (Q,,) be a groupoid with an (n, m)-identity and (Q, o) be a groupoid with a (k,1)-
identity. Then their direct product G = Q, x Q, isagroupoid with a (C(n, k), c(m, I ))—identity. Furthermore:

1)if (Q,,-) and (Q,,0)are medial, then G is medial too;

2)if (Q,,)) and (Q, o) are paramedial, then G  is paramedial too;

3)if (Q,,-) and (Q, o) are bicommutative, then G is bicommutative too.

Proof. Let € be an (n, m) -identity of (Ql ,') and €, be a (k,l)—identity of groupoid (Q2 ,0). It is clear
that in (Q,,-) we have € -€ =€, n(e,x)=x and (X,€ )m=X. Similarly in the groupoid (Q,,0) we
have € o€ =€,, Nn(e,,x)=x and (X&) = X. We will prove that (g, -&,) is (c(n,k),c(m,1))-identity
in G=Q, xQ,. Really,

I (e.e)e.6)=(q 8.6 e )=(e,6,) Hence, (g,6,) is identity;

2. [(xy)(a.e)klnk)=[(x-e.yee Ne.e e k)-1)=

(xe)-e.(y-e)eNe.e)clnk)-2)=.
nk)-1) Je. )
(% y)

[(x-e)-(c(nk)-1),(y-&)e(c(n
[(x-€)-c(nk),(y-e)ocln k)] =
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3. cmifle.e).(cy)l=(cmi)-1)(e.e e - x.e, o y)|=
(cm1)-2)(e.e e (6. x)e; < (& y))]=.
(e.& J(c(m1)-1)- (e, x)).(c(m.1)- )(pWF
[(cm1)- (e, x)).(c(m)e (e, y))] = (x. y)

Hence, ( ) (c(n, k), (m,l)) identity in Q, x Q,. The assertions 1-3 follows from well - known

Birkhoff s Theorem.
The proof is complete.

ISP
[

Corollary 5.1 If (Q,) and (Q,,0) are groupoids with an (I,m)-identity and an (n,1)-identity
respectively, then their direct product G = Q, x Q, isa groupoid with an (n, m)—identity.

Proof. Follows from Theorem 5.1.

Theorem 5.2 Let (Q,,-) be a groupoid with n multiple identities (k;, I, ),(k,.1, ),....(k,.1,,) and (Q,.0)

1211 2572 n’>'n
be a groupoid with t multiple identities (ml,r1 ),(mz,rz),...,(m[,rt). Then their direct product G =Q, xQ,
has nxt multiple identities of following types:

1) type of identities 2) type of identities e n) type of identities
Lik.m)e(.r)  Llelk.m)cl,.n) .. Llck,m)cl,.r))
2.(clk.m)cll.rn) 2 (clky.m)e(lhn)) 2 (clk,my) el )

t. (clk,.m ).c(l,.r,)) t(clk.m)el.n) .tk m).cl,.r)

Proof. Let (Q1 ,-) be a groupoid with N multiple identities (kl,ll) (kz,lz) (k I ) and (QZ,O) be a

n>'n

groupoid with t multiple identities (m,,r,),(m,,r,),...,(M,r,). We examine the (k;,|,)-identity in (Q, ")
and all multiple identities from (Q2 ,0). Using the Theorem 5.1 we obtain the first type of identities:

Llelkpm)e(r))  2.(ckem)elir)) . Lt(ck.m)cl.r)).

For (kz,lz) identity in (Q1 ,-) and all multiple identities from (Q2 ,0) we apply Theorem 5.1 and we get
the second type of identities:
Llelky,m)el,.rn))  2.(clk,m)el,.n) o tlek,m)cl,.n)).

Continuing this process, in finally, for (k I ) -identity in (Q1 ,-) and all multiple identities from (Q2 ,0),

n’>’'n

we obtain the N—th type of identities:

Llelkp.m)clln)). 2.(ctkem)clpn)l (el m)ell,.r))

Hence, we obtain Nxt multiple identities.
The proof is complete.

Example5.1Let Q = {1,2,3,4}. We define the binary operation {}

. 1 2 3 4
1 1 2 4 3
2 3 4 2 1
3 4 1 3 2
4 2 3 1 4

We obtain a quasigroup (Q1 ,~) with 3 multiple identities:1 is a (2,3)—identity, Jisa (3,2)—identity and 4
isa (3,3)—identity.
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Let Q= {1,2,3,4}. We define the binary operation {0}

WA= (NN
—_ W N |W
[\SRE NSNS JUS R NN

1
1
3
2
4

AW (N|—|0

We obtain a quasigroup (Q2 ,0) with 2 multiple identities: 1 is a (2,2)—identity and 3 is a (3,2)—identity.
We will examine the direct product of quasigroups G =Q, xQ, .

)| 1| 23| 4|56 ]| 7|89 |10]11]|12]13]14]15] 16
1 [ 1 [ 24356 |87 |13[14]16|15]09 [10]12]11
2 [ 3 [ 1247568 [15|13[14]16]|11]9 [10]12
3 24316 |87 5 [14]t6e[15][13]10[12][11]09
4 a3 128756161513 [14][12[11]09 10
s oo |21 |13[14]16 1556 |87 1 [2]4]3
6 (11 oo 15[13[14]16] 7568 |31 ]2]4
7 [0 12119 [1al16[15[ 136 |87 5 2]4]3]1
8 |12 1191016 15131487 5|6 43|12
o 13116151 [ 24 3o ]t0o[12[11]5]6]8]7
10151314 16] 3 [ 1 [ 24119101275 ]6]7
11 [ 1416 [ 15|13 2 [ 4|31 10121196 |8][7]5
21615 3144 [ 3 [ 1 [2[n2[nl9of10]8|7][5]6s
B35 [ 68| 79 to[12[1n |1 [ 243 [13]14]16]15
14 7 [ 56 | 8 119 10123 [ 1 [ 24/]15]13]14]16
156 | 87 |5 10121192431 [14]16]15]13
6 8 [ 756121910431 [2]16]15][13]14

In this case G is a quasigroup with 6 multiple identities: 1 is a (2,6) -identity, 3 is a (6,6)-identity, 9isa
(6,2) -identity, 11 is a (3,2)-identity, 13is a (6,6)-identity and 15is a (3,6)-identity. Quasigroup G contain
4 subquasigroups G, = {1,2,3,4}, G, = {9,10,11,12}, G, = {13,14,15,16}, G, = {1,5.9,13}.

6. Someremarkson Haar M easur es on paramedial topological quasigr oups
By B(X) denote the family of Borel subsets of the space X . A non-negative real-valued function u

defined on the family B(X) of Borel subsets of a space X is said to be a Radon measure on X if it has the

following properties:
- u(H)=sup{u(F): F c H, Fis a compact subset of H} forevery H € B(H);

- for every point X € X there exists an open subset V, such that X eV, and ,u(VX) <o,

Definition 6.1 Let (A,) be a topological quasigroup with the divisions {r,l}. A Radon measure p on
A iscalled:
— aleftinvariant Haar measureif 4(U)>0 and u(xH)= u(H) for every non-empty openset U c A,

apoint X A andaBorel set H € B(A);
— aright invariant measureif £(U)>0 and z(Hx)= u(H) for every non-empty openset U < A, a
point Xe A andaBorel set H € B(A);
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— aninvariant Haar measureif x(U)>0 and u(xH)= z(Hx)= (1(x,H))= u(r(H,x)) = x(H)
for every non-empty openset U — A, apoint Xe A andaBord set H € B(A).

Definition 6.2 We say that on a topological quasigroup (A,) there exists a unique left (right) invariant
Haar measure, if for every two left (right) invariant Haar measures g, 1, on A there exists a constant
c>0 suchthat s, (H)=c-u,(H) for every Borel set H € B(A).

If (G,+) is a locally compact commutative group, then on G there exists a unique invariant Haar
measure /{5 [8,14]. We consider on the Abelian topological group (G,+) the invariant measure g . Using

the method of proof from [1] we can prove the following Theorems.

Theorem 6.1 Let (G,-) be a locally compact paramedial quasigroup. Then:

1. There is a commutative topological group (G,+), o, :G—> G continuous automorphism of
(G,+), beG, ¢’ =y’ and (G,+,go,(//,0, b);

2. If on the Abelian topological group (G,+) consider theinvariant Haar measure i, then on (G,-) the
right(left) invariant Haar measureis unique;

3.If u isaleft (right) measure on (G,-), then u isaleft (right) invariant Haar measure on (G,+) too;

4.0n (G,) there exists some right invariant Haar measure if and only if g (p(H))= u(H) for every
H e B(A);

5.1f n<+o0, and on G there exists some (n,+oo)-identity, then on (G,-) the measure ug isa unique
right invariant Haar measure;

6. If m< +oo, andon G there exists some (+ 0, m)-identity, then on (G,-) the measure 15 isaunique
|eft invariant Haar measure;

7.1f n,m< +o0,and on G there exists some (n, m)—identity, then on (G,~) the measure 1 isaunique
invariant Haar measure.

Corollary 6.1 Let (G,-) be paramedial quasigroup. Then thereis an Abelian group (G,+) and element g e Q
and group automorphisms ¢, 8, such that x-y = a(x)+ A(y)+q for all x,yeQ and aa = g3 isfulfilled.

The Corollary 6.1 was proved in [9],[10],[11],[12].

Theorem 6.2 Let (G,+) be a topological paramedial quasigroup and (G,-) be an (n, m)-homogeneous
isotope of (G,+). Then:

1.0n (G,+) there exists a left (right) invariant Haar measure if and only if on (G,-) there

exists a left (right) invariant Haar measure.

2. If on (G,+) the a left (right) invariant Haar measure is unique, then on (G) the a left (right)
invariant Haar measure is unique too.

Theorem 6.3. On a compact paramedial quasigroup G there exists a unique Haar measure u for which
#G)=1.
The Theorems 6.1, 6.2 and 6.3 for topological medial quasigroups was proved in [1].

7. Examples

Example 7.1 Let (R,+) be a topological Abelian group of real numbers.

1. If o(X)=X, y/(x): X and X-Yy=X+Y, then (R,-): g(R,+, go,l//) is a commutative locally
compact paramedial quasigroup. By virtue of Theorem 6.1, there exists a left and a right invariant Haar
measure on (R,)
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2. 1f (/)(X): X, l//(X): 7X and X-Yy=7X+7Y, then (R,)z g(R,+, ¢,l//) is a commutative locally
compact paramedial quasigroup and on (R,-) as above, by virtue of Theorem 6.1, does not exist any left or
right invariant Haar measure.

Example 7.2 Denote by Z = Z/pl= {0,1,..., p— 1} the cyclic Abelian group of order p. Consider
the commutative group (G,+) = (Z7 ,+), go(X) =4Xx, l//(X) =3X, X-y=4X+3y.

Then (G,-): g(G,+, go,l//) is a medial, paramedial and bicommutative quasigroup with one element
(6,3)-identity in (G,-), which coincides with the zero element in (G, +).

Example 7.3 Consider the commutative group (G,+) = (Z7 ,+), qo(x) =5X, y/(x) =3x and Xx-y=35x+3y.
Then (G,-) = g(G,+, o, 1//) is a medial and hexagonal quasigroup where each element is a (6,6)-identity in (G,').

Example 7.4 Consider the commutative group (G,+) = (25 ,+), (o(x) =X, 1//(X) =4x and X-y=X+4Yy.

Then (G,-) = g(G,+, go,l//) is a medial, paramedial and bicommutative quasigroup where one element is a
(2,1)— identity in (G,-), which coincides with the zero in (G,+) .
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