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ON SOME GROUPS RELATED TO MIDDLE BOL LOOPS
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A loop (Q,") is called a middle Bol loop if every loop isotope of (Q,-) satisfies the identity (x-y) =y x™*

(i.e. if the anti-autmorphic inverse property is universal in (Q,-)) [6]. The present work continues the investigations

from [1] and [5]. Middle Bol loops are isostrophes of left (right) Bol loops [7]. Invariants under this isostrophy are
studied and connections between the groups of regular mappings, respectively between the groups of pseudoauto-
morphisms (left, right, middle), of a middle Bol loop and those of the corresponding right Bol loop are described in this
article. A necessary and sufficient condition when the quotient loops of a middle Bol loop and of the corresponding
right Bol loop are isomorphic is given.
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ASUPRA UNOR GRUPURI CONEXE BUCLELOR MEDII BOL
O bucla (Q,-) se numeste bucld medie Bol, dacd orice bucld izotopa cu (Q,-) verifica identitatea (X- y)_1 = y‘lx‘l
(adica, daca proprietatea antiautomorfica de inversabilitate este universala in (Q,-)) [6]. In prezentul articol sunt con-

tinuate investigatiile din [1] si [5]. Buclele medii Bol sunt izostrofi ai buclelor Bol la stinga (la dreapta) [7]. Sunt
studiati invariantii la aceasta izostrofie, fiind descrise conexiuni dintre grupurile de substitutii regulare, respectiv dintre
grupurile de pseudoautomorfisme (stingi, drepte, medii) ale unei bucle medii Bol si cele ale buclei Bol la dreapta
corespunzitoare ei. De asemenea, este datd o conditie necesara si suficienta ca buclele factor, obtinute la factorizarea
unei bucle medii Bol si a buclei Bol la dreapta corespunzatoare ei, s fie izomorfe.

Cuvinte-cheie: bucla Bol, bucld medie Bol, izostrof, invarianti, proprietati universale, pseudoautomorfisme.

A loop (Q,-) is called a right Bol loop if it satisfies the identity (zx-y)x= z(Xy-X). The class of right
Bol loops is one of the well studied in the theory of loops. A loop (Q,-) is called a middle Bol loop if the

identity (X-y)_l:y_lx_1 (the anti-automorphic inverse property) is universal in (Q,-), i.e. is invariant
under loop isotopy. It is shown in [6] that a loop (Q,-) is middle Bol if and only if the corresponding primitive
loop (Q,-,/,\) satisfies the identity
x(yz\x)=(x/z)(y\x). (1)
A. Gwaramija proved in [4] that middle Bol loops are isostrophs of right (left) Bol loops: a loop (Q,°) is
middle Bol if and only if there exists a right Bol loop (Q,-) such that

xoy=(y-xy™)y, 2
or, equivalently,

Xoy=y \X, @3)
for every X,y €Q . So, middle Bol loops are isostrophes of right Bol loops. Invariants under this isostrophy
are studied in the present work. Connections between the groups of regular mappings (left, right, middle) of
a middle Bol loop and those of the corresponding right Bol loop are established. It is proved that middle
pseudoautomorphisms of an arbitrary loop form a group and connections between the groups of pseudoauto-
morphisms (left, right, middle) of a middle Bol loop and of the corresponding right Bol loop are proved. It is
shown in [1] that if @ is a normal congruence of a right Bol loop (Q,-) then @ is a normal congruence of
the corresponding middle Bol loop as well. The converse is proved in the present article and a necessary and
sufficient condition when the quotient loops (by some normal congruence) of a middle Bol loop and of the
corresponding right Bol loop are isomorphic is given.

From (3) follows

x-y=yllx?t, (4)
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VX, y €Q, where "//" is the right division in (Q,°). It is shown in [1], that two middle Bol loops are isotopic

(isomorphic) if and only if the corresponding right Bol loops are isotopic (isomorphic). There exists an ana-
logous correspondence between middle Bol loops and left Bol loops [5]. More, if (Q,°) is a middle Bol loop

and (Q,) is the corresponding right Bol loop, then (Q,*), where x*y=y-x, VX,y€Q, is the corresponding
left Bol loop for (Q,°).
Proposition 1. Every middle Bol loop (Q,°) satisfies the equality
(Y X (x\\y™) =y (5)
for every X,y €Q and forevery m,neZ.
Proof. Let (Q,°) be a middle Bol loop and let (Q,-) be the corresponding right Bol loop. According to [4],
the loop (Q,-) satisfies the equality

Xym . yn =X- ym+n , (6)
for VX, y€Q and forVm,neZ . Using (4), the equality (6) implies
[y" (Y™ I x ) ex 7t =y™", @

where "//" is the left division in (Q,°). Now, taking y™ // x * =z in (7), we get (5). o
Corollary. If (Q,°) is a middle Bol loop then, for every Vx,yeQ, and for everyVm,neZ, the
following equalities hold:

1) y=(y"IIx)e(x\\y™™);

2) Y™ =(yM X e (x\\y )

3) ym ° yn — ym+n )

Proof. Taking m=—-n+1, from (5) get 1). The equality 2) follows from (5), for m=—1. Finally, taking
X=e (e is the common unit of (Q,°) and (Q,-)), from (5) follows 3). o

Remark. 1. The equality 3) in the last corollary shows that middle Bol loops are power associative, i.e.
each element of (Q,°) generates an associative subloop.

2. If (Q,-) is an arbitrary loop then will denote by R)((') (L(X') ) the right (respectively, left) translation with the
element X in (Q,-), by £, (respectively, R .,%,) the group of left (respectively, right, middle) regular
mappings of (Q,-),and by N, (respectively, N, N ) the left (respectively, right, middle) nucleus of (Q,-).

Proposition 2. If (Q,°) is a middle Bol loop and (Q,-) is the corresponding right Bol loop then the
following equalities hold:

D R)=%) =L

2 £)=%):

3) F)=R.).
where fi& is the group of conjugates of the middle regular mappings of (Q,-).

Proof. 1) Let pefR ). Then p(x-y)=x-p(y) < p(YIxN=pWNIX' < p(y)=
p(yllxHox™t < p(y)=p(ylI X)ox, ¥x,yeQ, where "//" is the left division in (Q,°). Denoting
y/Ix by z, the last equality take the form: p(zox)=p(z)oXx, Vz,x€Q , ie. peLi,), s0 R =L,
Analogously, if pe %) then 3p" €Sq such that (X)-y=x-9"(y) < ylllp(x)= ¢ (y)/I x! <

o (y)=(y /I lp(x))ox*, ¥x,yeQ. Denoting y // 1¢(x) by z in the last equality, get: " (zo lp(X))=zox ",
which is equivalent to
¢ (zex)=221p71(X). (®)
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Taking z=e in (8), where e is the common unit of the loops (Q,°) and (Q,-), have ¢*(x) =l *1(x),
VxeQ, ie ¢ =l ,
Zolpl(X)=lpl(zox) @ zolp(x D) =lp(x oz ™) < p(x oz t= p(xtezl), VXx,zeQ, which
is equivalentto p € £, hence ff;.) =L,

so using (8) get: lp tI(zox)=zolp ' 1(X) <= zox=lpl(zolp™l(X) <

2) Al ) S AX-Y)=AX)y < Ay/Ix)=yllA(x). Denoting y// X" by z,ie y=zox ",
have:  AylIxD=yllA(X)" < U2)=(@exHIAX) & zox'=A(2)olA(X) <
2ol A7 (X)=A(2)oxX, VX,2€Q ie. 1€, hence £ =5,

3) p'e) if and only if Ipe g, p(X)-y=x-0" (y)= ylp(x) " =o' (NIXx = ¢'(y)=
(y/ 1p(x))ox . Denoting y// 1p(x) by z,ie. y=zolp(X), get: " (zolp(x))= zox*, which is
equivalent to

¢’ (zox)=z0lpM1(X). )

The last equality, for z=e, gives " (x) =19 *I1(X), for every xeQ, i.e. " =1p 1, s0 (9) takes the

form:

@ (zoX)=209p"(X),
Vx,2€Q, ie. ¢'eR.) hence &) =R.,. 0
Corollary. If (Q,°) is a middle Bol loop and (Q,-) is the corresponding right Bol loop then the following
equalities hold:

a) Ly =1 Rl
) N = NY =N© =NY,
c) NO =N& .
Proof. a) Aef, < Axey)=A(X)ey < lAUxey)=IlyelA(x) < IAl(y ox)=
ylelAl(x), Vx,yeQ,s0 Ae £, S 1A eR, S AR, ie L,=IR,I.
b), ): It is known that in an arbitrary loop (Q,): Nl(') =L, (e), Nr(') =%, (e) and N,ﬁ;) = &,(e)=
5() (e), where e is the unit of (Q,-). So, the equalities b) and c) follow from Proposition 2. o
Let (Q,-) be an arbitrary loop, p €S, and c Q. Remind that: @) ¢ is called a left (resp. right)
pseudoautomorphism of (Q,-), with the companion ¢, ¢ if the equality
c-p(x-y)=[c-p(X)]-o(y) (resp., p(X-y)-c=p(X)-[p(y)-c] )
holds, for every X,y € Q.b) ¢ is called a middle pseudoautomorphism with the companion ¢ if the equality
p(x-y) =[p(x)/c1-[c\p(V)], (10)
holds, for every X,y eQ, where ¢ is the right inverse of c. Middle pseudoautomorphisms of (right)
Bruck loops are studied in [2]. Below we denote by PS® (respectively, PS"’, PS{) ) the set of all right
pseudoautomorphisms (resp. left, middle pseudoautomorphisms) of the loop (Q,-).
Lemma 1. If (Q,) is an arbitrary loop with the unit 1,then ¢(1) =1, for every ¢ € PS© .
Proof. Taking X =1 in (10), get @(y) = (@) /(c\1))-(c\¢p(y)), for every Yy € Q. Now, making the
substitution y — @ *(y) in the last equality, have y = (p(1)/(c\1)-(c\y), for Yy € Q, which implies
(for y=1): 1=(e@)/(c\D))-(c\D),s0 p()=1. o
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Proposition 3. If ¢ is a middle pseudoautomorphism of a loop (Q,"), with the companion ¢, then ¢
is a middle pseudoautomorphism of (Q,-) , with the companion ¢, = ¢ *(c\1).

Proof. Let ¢ € PS" with the companion ¢. Making the substitutions X =¢(x) and y =@ (y) in
(10), get
P(p™(x) -9 (y) = (x/(c\D)-(c\y),

P ()9 (=0 (Ra()-L'(¥),
for Vx,y € Q. Now, replacing x = R, (x) and y — L.(y) in the last equality, have
¢ Ru(X) -0 L () =0 (x-Y), (11)
for VX,y € Q. Taking y =1in (11), get
¢ R ()07 () =97 (%),

which is equivalent to

which is equivalent to

¢ " Ru(¥) =0 (X)/ 97 (c), (12)
for Vx € Q. Also, taking x =y =1 in (11) , have ¢ *(c\1)- @ *(c) =1, i.e.
o) = o (C\D)\ L. (13)
Using (13), from (12) follows:
9 Ry () =0 () /[p7 (c\D\1], (14)
for Vx € Q. For x =1, the equality (11) implies ¢ 'R, () -0 'L (y) =@ *(y), i.e.
P L (Y) =9 C\D\p(y), (15)

for Yy € Q. Using (14) and (15) in (11), get
[p ) /(@ € \D\D]- [0 €\D\p " (D] =0 " (X-Y)
or, denoting in the last equality ¢ *(c\1) =c;:
[p 00/ \DI-[c, N\ ' (NI =9 (X Y),
i.e. " e PSY, with the companion ¢, = ¢ '(c\1). o
Proposition 4. If ¢ and i are two middle pseudoautomorphisms of a loop (Q,-), with the companions
c and b, respectively, then ¢y is a middle pseudoautomorphisms of (Q,-), with the companion

C, =R ¢ Rou@).
Proof. Let ¢,y € PSQ , with the companions ¢ and b, respectively. We” 11 use the equivalence:
@ € PSP, with the companion ¢, if and only if (R} ¢, L'9,0) € A,
and the analogous equivalence for y/, where A, is the group of autotopisms of the loop (Q,).

So, ¢, € PSY ifand only if (Ri: @ RT v, Lol 'w, op) € Ay e

oy (X-y) =Ry ¢ Rg w () Lol w(y), (16)
for Vx,y € Q. Taking y =1in (16) get: py/(X) =R @ R (X)L 'oL,' (1) which is equivalent to
Raz @ Roa v (X) = oy (X)/ Lo, (D), (17)
forVx € Q. Now, taking X =y =1in (16) have 1=R ¢ R.1(1)-L'pL.'(D) , i.e.
Lol (@) =R ¢ Ry (D\1. (18)
Using (18) in (17) get
Rai ¢ Roa v (X) = oy ()1 [R: ¢ Ria ()\1], (19)
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for Vx € Q. Taking x =1 in (16) have oy (y) = R @ R (D) - L. ‘oL 'w(y), which is equivalent to
Lol (y) =R @ R \ow (y), (20)
for Yy € Q. Using (19) and (20) in (16), get
o (X-y) =[py ()[R ¢ R\ [Ry @ Rus @\ oy (Y],
for Vx,y € Q. Now, denotingR; ¢ R.} (1) =c,, the last equality takes the form
oy (x-y) =[oy (X) (e, \D]-[c, \ oy (Y)],
for Vx,y € Q, i.e. oy € PSY, with the companion ¢, =R} ¢ R} (1). o

Corollary. The set of all middle pseudoautomorphisms of a loop forms a group.
Proposition 5. Let (Q,-)be a right Bol loop and let (Q,<)be the corresponding middle Bol loop. The

following sentences are true:

1. PSP =PS"; 2. PS" =PS®;
3. PSY =PS®; 4. ¢ e PSP < lal e PS®.

Proof. 1. Let ¢ be a middle pseudoautomorphism of (Q,-) with the companionc. Then ¢ satisfies (10).
Using (4), the equality (10) takes the form:

p(y 11 x) =[p(y)oc1e! p(x) "1+
which is equivalent to

p(y)oc = p(ylIx ) olch ()T, (21)
where (/1) is the left division in (Q,°). So as (Q,°) is a middle Bol loop, [c//@(X) 1" = @(x)\\c™,
Vx e Q, where “\\” is the right division in (Q,°), hence (21) is equivalent to

p(y)oc™ =yl x ) e (p(x)\\c™).
Denoting y// X by z, the last equality takes the form:
p(zox)oc = p(z) o (p(x)\\c™). (22)
Remark that, forz=Xx=e, from (22) follows ¢@(e)=e. Taking z=e in (22) and using the equality
o) =e, getp(X)\\c ™ =p(x ™) oc™, so (22) is equivalent to
p(zox)oc =p(z) o (p(x)oC™),
i.e. ¢ is aright pseudoautomorphism (Q,°) with the companion ¢™*.
Conversely, ¢ € PS® =3ceQ: p(xoy)oc=p(X)o(p(y)oc), VX, yeQ. Using (3), from the last
equality get
¢\ p(Y " \X) =N p(y)) \p(x) < p(x) =1 \p(y)-(c \p(y\X)) .
Denoting Y\ x =z, the last equality implies

p(y - 2)=1(c\p(y))-(c "\ p(2)). (23)
Taking z=e, from (23) follows ¢(y ") =1(c"*\(y))-c, hence
p(y )-ct=1(c\p(Y)). (24)

Using (24), the equality (23) implies ¢(y ™*-2) =(p(y 1)-c™)-(c ™\ ¢(2)), hence

o(y-2)=(p(y ™)/ c)-(c\p(2)),

Vy,z€Q, i.e. ¢ isamiddle pseudoautomorphism of (Q,-), with the companion ¢*.
2. Let ¢ be a left pseudoautomorphism of the loop (Q,-), with the companion b :

b-p(x-y)=(b-9(x))-0(y), (25)
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VX, Yy €Q . Using (4) in (25), get:
P(y I X6 =(y) (p(x) D). (26)
Soas (Q, o) satisfies the anti-automorphic inverse property, denoting [¢(x)//b '] =u, get:

p(X)IIb =ut o uteb ™t =p(x) @bou=p(X) P =u=b\\p(x)™?, so

[p(x) 1] b= b\\(p(x)‘l. (27)
Using (27), the equality (26) takes the form:
P(Y I X167 = p(y) H(D\\p(X) ™) . (28)

Denoting y//x *=z,ie. zox =y, (28) implies
P(2) b =p(zox 1 1I(b\\p(x) ™),
which is equivalent to:
P(zox) =(p(2) 1167 o (b\\p(x) ™), (29)
and, taking z=e, the last equality implies
p(x ) =bo(b\\p(x) ) =p(x) ™,
VxeQ, so (29) is equivalent to
p(zox)=(p(2) 1167) o (b\\(X)),
Vz,xe€Q,ie @€ PSr(n") , with the companion b .
Conversely, if ¢ € PS¢ then 3ceQ:

p(xoy)=[p(x) /¢ To[c\\p(Y)], (30)
VX, y €Q. Denoting ¢(X)//¢c* =u and using (3), get Uoc > =p(X) <= c\u=p(X) <=c-p(X)=U, so
p(X)lIct=c-p(x). (31)

Analogously, denoting c\\@(y)=v and using (4), get: cov=g(y)=Vv i \c=p(y)<=
c=vp(y) &vi=c-lp(y) v=1(c-19p(y)), s0
p(x) /et =1(c-lp(y)), (32)
vy eQ . Now, using (31) and (32), the equality (30) takes the form:
P(Y\x) =(c- Tp(y)\(c-p(x)),
which is equivalent to
c- () =(c-1o(y))-o(y "\ x).
Denoting Y\ x =z, the last equality implies
c-p(y - x)=(c-1o(y))-(2). (33)
Taking z=e, from the last equality follows c-@(y *)=c-l@(y), which impliespl(y)=1¢p(y),
vyeQ, so

pl=lg. (34)
Now, using (33) and (34), get:

c-p(y - x)=(c-p(y )-0(2),
Vy,z€Q,ie @€ PSl(').
3. Let ¢ be a right pseudoautomorphism of (Q,-) with the companion b, then
p(X-y)-b=¢(x)-(p(y)-b),
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VX, y €Q . Using (4), the last equality takes the form: b/ @(y /I x ) =0/ p(y) ™) 1 p(x) 7,
which is equivalent to b// p(y) t=[b/ @(y /I x 1) o p(x)™ or, denotingy // x t =7 ,ie. zox 1=y, to
bll p(zox )t =[bl p(z) Nop(x) . (35)
Taking z=e in (35), have:
b/l p(x )™ =bogp(x)".
Now, using the last equality and replacing z by ztin (35), get
bop(xoz) * =b/(p(xoz) ™) t=bll oz ox ) =[bl @(2) op(x) .
So, using anti-AlP, which is valid in (Q,°), get
p(xo2)ob™ =gp(x)o[p(2)ob 7],
Vx,z€Q, i.e. ¢ isaright pseudoautomorphism of (Q, o), with the companion b™".
4.1f pe PS,(°) then there exists an element ceQ such that
Cop(Xey)=(Cop(X))op(y), (36)
for x, y €Q. Using (3), the equality (36) takes the form 1g(x)\c=1o(y)-(Io(y *\x)\c),
s0, denoting y '\ x =2, get

lp(y™-2)\c=lp(y)-(Ip(z)\c), 37)
which implies, for z=e lpl(y)\c=lp(y)-c= lo(y H\c=1¢(y)-c,ie.
lp(y)\c=lgl(y)-c. (38)

Using (38), from (37) follows lpl(y*-2)-c=lpl(y™)-(Ipl(z)-c), Vy,zeQ, ie. lpl is a right
pseudoautomorphism of (Q,-), with the companion ¢. o

Definition. A loop (Q,-) is said to be a (right) Bruck loop if it satisfies the right Bol identity
(zy-X)y = z(yx-y) and the anti-automorphic inverse property (AIP): (x-y) ' =x"-y™*, ¥x,yeQ.

Proposition 7. Commutative middle Bol loops are isostrophs of Bruck loops.

Proof. Let (Q,) be a commutative middle Bol loop and let (Q,-) be the corresponding right Bol loop.
Then: Xoy=yox < Yy \x=x"\y < y=x"-(y"\x), Vx,yeQ. Denoting y'\x=2, in the
last identity, get: y=(y*-2) zeoy- 2t =(y ) teoytzt=(y-2)t, W, z€eQ. o

Proposition 8. Let (Q,°) be a commutative middle Bol loop and let (Q,-) be the corresponding right
Bol loop. Then

1. If @ € PS® with the companion ¢, than ce N ;

2. If @ € PSY) with the companion ¢, than ¢ is a companion of ¢ aswell, and c* € N,

Proof. It is proved in [7] that if (Q,-) is a (right) Bruck loop, than the following sentences are true:
a) if @ € PSY with the companion ¢, than ce N ; b) if ¢ € PS" with the companion ¢, than ¢ is a
companion of ¢ as well, and c’e N,"). Hence, Proposition 8 follows from the mention results, Proposition

7 and Corollary after Proposition 2. o
Corollary. Every right pseudoautomorphism of a commutative middle Bol loop (Q,°) with a trivial

middle nucleus is an automorphism of (Q,°).
Let (Q,-) be a quasigroup. Remind that a binary equivalence relation & — QxQ is called a congruence
of (Q,) if
X0y =c-x6c-y and x-cAy-c, VceQ.
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A congruence @ of (Q,-) is called a normal congruence if, for Yc € Q, each of the relations ¢- x&c-y
and X-c@dy-c implies x@y [3,6].

Lemma 2. Let & be a normal congruence of a middle Bol loop (Q,°). Then:

a) X0y = x'0y"

b) Ki'=K ., VK, eQ/6.

Proof. Let (Q,) be the corresponding right Bol loop. a) Using (3), have: X0y <
(x/lcH)ocO(yllc)oc < xllcOylict < c-xbc-y, VceQ. According to (3),
Xoy =y \X & x=y ' (Xoy) 50 Xdy < eOx oy &y Oy - (XToy) <y loxT.

b) Let K, €Q/0. Then K> ={y™|yOx} hence yeK , = yox™* = y'6x = y eK, =
yeK'=K ,c K Analogously, ye K,' = y e K, =y 'ox=yox = yeK ., = K'cK ..o

Remark. 1. If & is a normal congruence of a quasigroup (Q,") then K. \K =K, and K /K =K, ,
for every K,,K, €Q/&. Indeed, (Q/8,") is a quasigroup with K, -K, =K, , VK, K €Q/6. Let
K. K, €Q/6. Denoting K, \K, =K, , have: K,, =K,K, =K i.e. xzfdy.Soas (Q,-)is a quasigroup,
there exists an element y"eQsuch thaty = X-y’. Hence xz0y < xz0xy' < z60Y’, wherey' =x\y,
ie. K\K, =K, =K, =K, . Analogously, K, /K, =K, < K, =K K =K, < zyfx. Denoting
X=Xy, get: zyox = zyoxy = 20x' = z20(x/y) = K, /K, =K, =K, =K,,,. 0

2. If @ is a normal congruence of a middle Bol loop (Q,°) then (Q/8&,0) is a middle Bol loop as well.
Indeed, according to p.1 of this Remark, the primitive loop (Q/8,0,//,\\), corresponding to (Q/8,0),
satisfies the identity (1). o

It is proved in [1] that if & is a normal congruence of a right Bol loop (Q,-) then @ is a normal congruence
of the corresponding middle Bol loop as well. The converse is proved in the following proposition.

Proposition 9. If 8 is a normal congruence of a middle Bol loop (Q,<) then & is a normal congruence
of the corresponding right Bol loop (Q,-) as well.

Proof. Let consider the canonical projection

7:(Q,0) >(Q16,0), 7(x) =K,
which is a surjective homomorfism of loops. According to the last Remark, (Q/8,0) is a middle Bol loop.
It is clear that (Q/&,) is the corresponding right Bol loop. Using (3) and Lemma 2, have:

K iy = Kyoy = Ky oKy = KK, = K, \Ky, =K 2K 4 =K,. Denoting y'\x by 1z, get

yt.z=x, hence KoK, =K, =K, -K, =K, ¥y,2€Q, so the function

ﬂ(Q,)—)(Q/@,), ”(X):ny
is a homomorphism of quasigroups, from (Q,:) to (Q/8&,-). The homomorphism 7 defines on Q the
normal congruence @', where
xX0'y < 7(X)=7x(y) < X0y,

so @'=4@ isanormal congruence of (Q,-). o

Remark. 1. Let (Q,°) be a middle Bol loop and let (Q,-) be the corresponding right Bol loop. If & isa
normal congruence of (Q,-) (or(Q,°)) then(Q/8,-) is the right Bol loop corresponding to the middle Bol
loop (Q/8,0). Indeed, denoting by (Q/&,*) the corresponding right Bol loop for (Q/8,°), get:

K o*K, =K /K , =K =K., =K K,

VK, K, €Q/8,s0 ""="",

yix?
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Proposition 10. Let ¢:(Q,-) —(Q,°) be a surjective homomorphism of loops, from a middle Bol loop
(Q,°) to the corresponding right Bol loo (Q,-) and let & be the normal congruence defined by ¢ in (Q,-).
If @ is semi-admissible with respect to @, then (Q/6,-)=(Q/8,°).

Proof. The binary relation 8 defined on Q by the equivalence

X0y < p(x)=p(y),
is a normal congruence in (Q,-). Let consider the function
?':1(Q16,)—>(Q16,2),9'(K,) =K -

Have:  ¢'(Ky-Ky)=0'(Key) =Kpixy) =Koty =Ko Koy =0 (K)o @' (Ky ), for — every
Ky, Ky €Q/6 ,s0 ¢ is a homomorphism of loops. More, if ¢'(K,)=¢'(K,) then, using the fact that ¢
is semi-admissible with respect to &, get: K,y =K,,(,) = @(X)=¢p(y) = x0y = K,;=K,,s0 ¢' is
an injective homomorphism of loops. LetK, €Q/6. S0 as ¢ is surjective, there exists an elementXxeQ:

y =¢(x), hence K, =K @'(K,),i.e. ¢" isanisomorphism from (Q/8,-) to (Q/8,°).o

p(x) =
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